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abstract

As a special case, we present the new notion of mathematics that has been developed in recent year and it
is well known as Smarandache structures which first introduced by Florentine Smarandache and Padilla
Raul in year 1998 . Which was recently introduced in 2002 by W.B. Vasantha Kandasamy .
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INTRODUCTION

First, we will introduce some basic definitions to explain the structure of Smarandache —group semiring.
Based on some Theories regarding this structure that important results have been reached of Smarandache-
zero divisor and Smarandache-idempotent .

PRELIMINARIES

Definition 1.[1] A Smarandache semiring ( S-semiring ) is defined to be a semiring S such that a non-
empty proper subset B of S is a semifield (with respect to the same induced operation) .

Definition 2.[2] Let S be a commutative semiring with unit. Let G be a group with multiplication. The
group semiring SG of the group G over the semiring S consists of all finite formal sums of the form
Yi=15:9i (i —runsover a finite number n) with s;t; € S and g; € G satisfying the following properties :

1Yisigi =2itigi © si = ¢
2. (Xisig) + Qi tigy) = Xils; + t)g;
3. (Xisigi) - Qitigi) = Xmygr Where my = ¥;sit;, gx = gihi, hi € G
4. si9; = 9iSi

Y.iSigi € SG .and For ss; €S 5.s50;s19:) = Xi(ss;) gi
6.Asle€Gand 1eSwehavel.G =G S SG and S.1 =SS SG .

Definition 3.[3] Let S be a semiring. We say a,b € S\{0} are a Smarandache zero-divisor (S-zero-
divisor) if a.b=0 and there exists x,y € S\{a,b,0},x #y with (i) ax =10 or xa=0
(i) by =00ryb =0 and (ili) xy # 0 or yx #
0.
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Definition 4.[4] An element a € S\{0} is a Smarandache weak zero-divisor (S-weak zero-divisor) if a
is a zero-divisor, i.e. a.b =0 for b € S\{0,a}

and there exist x,y € S\{0, a, b} such that
(ax=0 or xa=0

(i)yby=0o0r yb=0

(ii) xy =0 or yx =0.

Definition 5.[5] Let S be a semiring. An element a € S\{0} is a Smarandache idempotent (S-idempotent)
of Sif:

(1) a? =a.
(2) There exists b € S\{0, a} such that
() b?=a and
(i) ab =a (ba =a) or ab = b (ba = b).
Note that if S is a lattice then S has no S- idempotent

Corollary 1: Let A be a set such that|A| > 2, and G be the cyclic group of order n. Then the group
semiring P(A)G has a S-zero-divisor .

Proof :

Let,y € P(A)G .
Take x =Y",ag‘and y = Y", bg" where a,b € P(A) suchthata.b = @
Andtake w = Y1, ag" and z = ¥, b¢g* where (a¢ # band b¢ # a)
Now we have x.y =@ and x.w =0,y.z=0
Finally w.z # 0.
Hence x and y are a S-zero-divisor in (4)G .

Corollary 2: If |[A| = 2 and G be the cyclic group of order n., then the group lattice P(A)G has a S-weak
zero-divisor.

Proof :

Letx,y € LG

Take x =YY" ,ag'and y=3Y",a‘g" where a € P(4)
Andtake z=a and w=a

Now we have x.y = 0 are zero-divisor

, yw=0 And x.z=0
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Finally w.z=10
Then x and y are S-weak zero-divisor in G .

Theorem 1: Let S,,(n > 2) be the symmetric group of order n and c, be the chain lattice of order2, then
the group semiring c¢,S,, has a S-idempotent.

Proof:

2 k n ) .

1
—_— n - PR —
Let a == p; where p; (i i+1 . k+14i . i+n-—1
Notthatif(k+1)+i>n then (k+ 1) +i:=(k+1)+i—n.

We have

a?=(.p)’=(e+p,+...+ P) =€+ P +P,+...+ P, + PP, +
i=1

PoPs+...+ PP+ + PP + PP+ PPy

=€+t P, + P+ Py + Py
Where
PP, =P3 v PP =Py oo PP, =€, PP, =€,P,P3=Py »...; PPy =Py -

1 2 n)

Choose b = Xi_,q; where g; (i+n—1 i+n—2 .. i

Notthatif i+ n—k>nthen i+ n—k:=(+n—k)—nwherek =1,2,...

2

n
b? = (Z 1‘11’) =(q1 +qz + -+ qn)?
=

=qqit Qe+ Qdn t ot g T quqe ot qndn

where

0,0; =¢€,...,0,0, =Py » B2 = Py 5. 424y = Py »---, 434 = P2, 4,4, =€
Then b2=e+p,+ps+-+p,=a

Finally a.b = (X1 p)(Xiz1qi) = Xie1qi = b

Hence a is a S-idempotent of C,S,,.

Theorem 2 : Let D,,be the dihedral group of order 2n, i.e. D,, = {a,b:a™ = e = b?,ba = a™ b} and
C, be the chain lattice of order 2. Then the group semiring C,D,,, has a S-idempotent.

Proof : (i) If (n — even)
Let x € C,D,,

Take x = e + a™?*'b we have x? = x idempotent.
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Choose y = a'/2 + ab € C,D,, suchthat y? =

Now we have x.y = y.

Hence x is a S-idempotent inC,D,,,.

(i) If (n—0dd)

Let x = X"t a’ € C,D,, suchthat x? = x idempotent.

Diet n=3then x=e+a+a’?=x*=x
1)

(2) Suppose that for n = k then (T ) klal

(3) For n = k + 2 we have

k+1 k-1

Qla)y = a +a +a")?
i=0 i=0
_ k-1 k-1 k-1
Za' Ola +a“+a")+a“ (D a' +a +a")+a" (D a' +a" +a)
i=0 i=0 i=0 i=0

k-1
— al+akzal+ak+lzal+a2k+a2k+2

i=0 i=0 i=0
kL 2k+2
=ya' +@“+a"" +a"?+.. +a*H)+@*+a"? +...+a™)+a¥ + a
i=0
k-1 k+1
=>a'+a"+a'=>a'
i=0 i=0

Choose y = Y1 /?a' € C,D,,, .
Clearly y? = x and x.y = x. Hence x is a S-idempotent in C,D,,,.

REFERENCES:

[1] Vasantha Kandasamy , W. B. ,(2002) . Smarandache semiring, Smarandache semifield, and
semivector, American Research Press, Rehoboth, NM .

[2] Vasantha Kandasamy, W . B., (2004). Smarandache Non-Associative (SNA-) Ring, Smarandache
Notions Journal, Vol. 14, January, 281-293.

[3] Vasantha Kandasamy ,W.B., (2004).Smarandache Zero divisors ,Smarandach Notions Journal, Vol.
14,325-329.

[4] Romanowska, A. (1982) , Idempotent distributive semiring with a semilattice reduce , Math.
Japonica 27, No. 4, 483.

[5] Padella, R. (1998) , Smarandache algebraic structures, Smarandach Notions Journal, VVol. 9, No 1-2-3,
36-38

216



