Matrix Representation of Non-Nested Real Algebraic Number
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Abstract: We represent an algebraic number in (Vs ), Q(%Vs, ™Vt ) and Q(¥/s, Vt, Vu') by a block matrix . The
inverse of such an algebraic number can thus be computed by the inverse of the corresponding matrix .
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INTRODUCTION

The number fields of the Q(V/s ), Q(Vs, ™Vt ) and Q(Vs, Wt, Vu) associative algebras over Q , where s, t, u
are respectively nt* , mt"  rt" power free relatively prime positive integers . Monomorphisms from these
number fields into the matrix algebras M; (Q) where i = n, nm, nmr respectively are constructed. This enables us

to represent the algebraic number in Q(Vs ), Q(Vs, ™Vt ) and Q(¥s, Vt, Vu') by matrices of related blocks .
PRELIMINARIES

A complex number a is called an algebraic number[3] if it satisfies some monic polynomial equation f(x) =
box™ + byx™ 1 + .-+ b, where f(x) € Q[x] . If a satisfies some polynomial equation of degree n , but none of
lower degree we say that o is an algebraic number of degree n . Non-algebraic number are called transcendental
numbers .

Examples:

1) Every rational number is an algebraic .

2) V1 + 2+/3 is an algebraic number of degree 4 .
3) m is transcendental number [1] .

The minimal polynomial f of an algebraic number a is the monic polynomial in Q[x] of smallest degree such that
() =0.
Note that the minimal polynomial is irreducible over .

Theorem 1[3]: The set of all algebraic number is a field .
The number field is any subfield of this field .
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Let F be afield . We say A is an associative algebra over F [2] if A is a ring with identity which is an F -vector
space , such that the F -action is compatible with multiplication in A in the sense that (x.a)b = x.(ab) = a(x.b) for
all a,beA, xeF.

The ring M,,(F) of all nxn-matrices over the field F is an F-associative algebra of dimension n? .

The number field induced by a is given by :

Q(a) ={a; + a,a? + - + a,a™ 1:a;eQ} modulo f(a).

Q(a) is n-dimensional vector space over Q with basis {1, «, ...,a™ 1} .

Q(a) is also associative algebra over Q .

If « and B are two algebraic number of degree m and n respectively , we defined Q(a, 8) = Q(a)Q(B).

Q(a, B) is an associative algebra over Q of dimension mn .

The basis of Q(a, B) is :

{La,..,a® L, B,aB,..,a™ 1B, .., M Lap™?l, .., a™1pm 1},

Examples :

Let s and t be n*® power free and m*" power free relatively prime positive integer . Let = Vs and g = "/t .We
form the following two number fields :

1) Q(a) = {a, + aya + aza? + -+ aya™ t:ay, ..., a,€Q}

It is basis is {1, @, a?, ..., a™ 1}

2) (a,p) ={a; +taza+ -+ apa® 4+ -+ apma™ 1™ L a;eQ} . Itis basis is

{1,a,..,a™ L, B,apB, .., a® 1 pm 1},

The general elements are :

(ay, o, Qp;s) = ag + aza + -+ apa™ 1 in Q(a) (Ayq, ooe) Ap1; A12s oo r Az} oo} Aagny oo Ay Sy £) =

Ay + a4+ apa™t+appf + apaf o+ apa® B+ o+ a B + agpa™ T if 4+ +

@™ BT in Q(a, B) -

If R is an algebra over a field F , subrings and ideal of the ring R that are also F-subspaces of R are called
subalgebras and algebra ideals respectively .

If S is another F-algebra ,a ring homomorphism then 8: R — S is called an algebra homomorphism if it also is F-
linear,that is, if 6(ar) = a.8(r)forall a € Fand r € R.

Theorem 2 [2]: let R be an n-dimensional algebra over a field F . Then there exists a one-to-one algebra
homomorphism R - M, (F) .

Proof .

Let {uy,uy, ..., u,} be abasis of R . Given € R , write w;r = Y% ryu; , 71, € F .

Then define 6: R —» M, (F) by 6(r) = [r;;]"

6(ar) = [ar;]" =a[r;;]" V a€ Fand r €R

Then 6 is an F- linear homomorphism of additive groups .

Let 0(7') = [Tij]T = [7’11] so that u;s = Z}l=1 Siju; . Then :

w;rs = Qe rie)S = X Tie (X Skjity) = XjXk TSk )y -

Thus 8(rs) = [X risks]” = [Zkrkisjk] = [Tji][sji] =6(r).0(s).

Then 6 is homomorphism .

Suppose that 8(r) = 0 that isu;r =0V i

If1=Y,aq;u; , thenr=1.r=Y,aq,u;7r =0.

So kerf = 0 and 6 is one to one .

RESULTS

If (ay, ..., a,; s) is the algebraic number in (3/s ) , where s is nt" power free positive integer , then the basis is
given as follows : {1, a, a?,...,a™ '} wherea = Vs .

(ay, .., ap;8)1 = a; + aya + aza? + -+ a,a™t
(@g, ., Qp; S)a = aps + aqa + aza® + - + ap_a™
(ay, ., Ap; S)A% = Ap_1S + apsa + aja? + -+ + ap_a™”
(ay, .., ay; s)a™ ! = ays + agsa + aysa? + -+ aja™?

1
1
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, Sa, sa,; . . . Sa,
s sa, sa,
a, a, a, sa,
M(a, ,a,,..,a,;s) =
_an a'n—l an—z al B

Thus we have :

Corollary 1.

The matrix M(ay, ..., a,,; s) corresponds to the algebraic number (ay, ..., a,,; s) , where s is nt" power free
positive integer .

If « =%s and B = "Vt are two algebraic numbers of degree n and m respectively where s and t is nt" power
free and mt" power free relatively prime positive integer.Q(a, 8) = Q(a)Q(f),then the basis is :
{1,a,a?,..,a™ 1} x{1,B,5%,...,p™ 1} =

Laa?..,a" L B,ap,..,a™ 1B, .., ML .. a"ipmT

The general element is :

(@11 ooy Ap1; A1y ooy Ap2; oo} Ay woos Qs Sy £)

The algebraic number :

(11 oy Ap1; S); (A12, ooy Apz; S); o) (A oe s A S) COFTESPON tO

M(aqq, ) An1; S); M(Aq2, ooy Q23 S); v s M@y ooy Qs S)-

By using Corollary 1 we can represent the algebraic number by the blocks as follows :

a;, S8, S,y - - - SAy,
a, a, sa, . . . Say
a'31 a21 a'll oot Sa41
Bl = ]
_anl a(n—1)1 a(n—2)1 o all i
a,, sa,, sa(H)z ... Sa,,
d,, a, sa,, ... Sdy
a'32 a'22 a12 Sa’42
Bz = 1 1
_anZ a(n—1)2 a‘(n—2)2 oo a12 i
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a1m Sanm Sa‘(n—l)m SaZm
aZm a1m Sanm Sa3m
a3m a‘2m a1m Sa4m
B, =
_anm a'(n—1)m a‘(n—2)m ot a'1m i

Now we get a monomorphism from Q(a, ) into M,,(Q) where :

B, tB, tB,, . . . tB,]
B, B, tB, . . . tB,
B, B, B, . . . tB,
M(B,,B,,.., B, ;t) =
_Bn Bn—l Bn—2 Bl_
Thus we get :
Corollary 2.

The matrix corresponds to algebraic number (a4, ..., @p1; Q12, o) Qp2; e Ay o r Apm; S, t) 1S COMputed by
the block matrix M(B,,B,,...,,B,;t).

Application 1.

a)In Q(¥/s ) : where s is - 3t"power free

a sc sb
by corollary 1 M(a,b,c;s) =|b a sc
c b a

b) In (i/E\/E) - where s is 3t" -power free, t is 2t"- power free and s , t are relatively prime positive integers

sc sb | td tsf tse]

b a sc | te td tsf

c b a | tf te td

by corollary2  M(a,b,c,d,e, f;s,t)=|- - - | - - -
d sf se | a sc sb

e d sf | b a sc
' f e d | ¢ b a]

c)In (‘{/E\/E) : where s is 4" -power free, t is 2t"- power free and s , t are relatively prime positive integers
by corollary 2
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a, sa, sa, sa, | ta; tsa, tsa, tsag
ta, ta, tsa, tsa,
ta, ta, ta; tsa
., a ta, ta, ta, tas

|
» @ Sa, Sg |
|
|
M(a17a2’a31a41a5'a61a71a8;57t): - - - - | - - - -
|
|
|
|

, @ sa,

a, sa, sa, sa, a, sa, sa, sa,
a, a; Sa, sa, a, a sa, Sa
a, a, a; Sa a, a, a sa,
a, a, a; & a, a a, §

Now,ifa ="%s, B ="Vt and y = Vu are there algebraic number of degrees n,m and r respectively and s
t,u are nt" power free , mt" power free and " power free respectively and they are relatively prime positive
integer and Q(a, B,v) = Q(a, B)(y) , then the basis is :

{1,a,a?, ...,a" 1} x{1,B,B% ... 6™ 1} x {1,y,y% ...,y "1} =

{L,a,..,a™ L, B,aB,..,a™ 1B, .., 6™ L, .., a1 pm 1Ix{1,y, ..,y 1}

={1,a,..,a™LB,ap,..,a® 1B, .., B L af™ L, .., anpmL

v,ay, ... a" 1y, By, aBy, .., a” 1By, ., By, af™ Ly, .., a i pm Ly, L,

)/T_l, a.yr—l’ . an—lyr—l’ﬂyr—l’ aﬁyr—l, - an—lﬁyr—l, "Bm—lyr—l’

aﬁm—lyr—l’ . an—lﬂm—lyr—l } .

Briefly.

DM, = M(ay, ...,ay,; S)
For algebraic numbers in («) .

2) My = M((M(aq4, ) Qn1; S)y oo M@y s Qs S)); £)
= MMy, ..., My; t)
For algebraic numbers in (a, f) .

Then we have :

Corollary3.
The matrix representation of an algebraic number in Q(a, S, y) is given by:
M3 = M(Mz, . Mz, u) .

Application 2.

Consider Q (s, vt,vu) where s, t, u are 2¢"- power free and they are relatively prime positive integers
By corollary 3
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a, sa, | ta, tsa, | ub, wusb, | utb, utsh,
a'21 all | ta'22 ta12 | ub21 Ubll | utb22 Utb12
e e A B
a12 Sa'22 | all SaZl | ub12 USbZZ | Ubll uSbZl
a22 a12 | a21 all | l'Ib22 ub12 | ubZl Ubll
Mo=| = = | - - | - - 1 - -
bll Sb21 | tblZ tSbZZ | a'll Sa'21 | talZ tsa'22
b21 bll | tb22 tblz | aZl a11 | ta'22 talZ
e e A
b12 Sb22 | bll SbZl | a12 SaZZ | all Sa21
_b22 b12 | b21 bll | a22 a12 | a21 a'll n
Application 3.
To find the inverse of a + b¥/s + ¢3/s2 by matrix representation .
a sc sb
M; = M(a,b,c;s) = [b a sc]
c b a
) a’? —sbc s(b?—ac) s(sc?—ab)
M7= i |sc? —ab  a® —sbc  s(b* —ac)

b>—ac sc’—ab a’ — shc

Then (a+ b¥s+ cVs?)™1 =

1
a3+b3s+c3s—3abcs

(a2 — sbc + (sc? — ab)¥s + (b% — ac)Vs?) .
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