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Abstract: We have created certain procedures in Maple language to do computations in finite fields. The

method is based on using polynomials and matrices.
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Theoretical Background
A finite field is a field has a finite number of elements.

Assume that E is a field extension of F. E is a vector space over F, the vectors are the elements of E, the scalars are the
elements of F, the product of a scalar a € F and a vector b € E is ab € E. The dimension of this vector space is called
the degree of E over F.

Theorem 1 [2]
Any finite field is an extension of the field Z,, where p is prime.
Theorem 2 [2]

1) If F is a finite field, then |F| = p™ where p is prime and n is a positive integer.
2) If p prime and n positive integer then there is a field of order p™.

3) Any two finite fields of the same order are isomorphic.

A finite field of order p™ is denoted by GF (p™).

Representations of Finite Fields

1) Polynomials

Theorem 3 [1]

Let p be a prime number and n a positive integer. A finite field of order p™ is given as follows:G F(p") = Zp [x]/m( X)

, where m(x) is an irreducible polynomial of degree n in Zp[x].

Elements of GF(p™) are of the form a,_;x™ 1 + a,_,x™ % + -+ a;x + ay + I, where I = (m(x)) is the maximal
ideal generated by m(x).

The general element can be written briefly as follows:

Ap_1x" T+ a,_,x™"?% + -+ a;x + ay. Modulo p and modulo m(x).
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Clearly addition multiplication and quotient of polynomials modulo p and modulo m(x)
11) Cyclic groups

Theorem 4 [2]

Let G* = GF(p™) — {0}. Then G™ is a cyclic group of order p™ — 1.

The finite field of order p™ induced by the irreducible polynomial m(x) is denoted by GF (p™, m(x)).
An irreducible polynomial m(x) is primitive if x is a primitive element in GF (p™, m(x)).

Theorem 5 [2]
G = Cpn_y < x > iff m(x) is a primitive polynomial.

I11) Matrices

An associative algebra over a field F is a ring R such that:

i) R is a vector space over F with respect to addition and scalar multiplication by elements of F,
iiya(rs) = (ar)s =r(as) forallr,se Randa € F.

GF (p™) is an associative algebra over the field Z,,. Its basis is {1, x, ..., x™'}.

M, (F), the set of all n —square matrices over the field F is also an associative algebra.
Theorem 6 [3]

Any associative algebra over a field F of dimension n is isomorphic to a subalgebra of M, (F).
To find the corresponding matrix of a polynomial f(x) in GF(p", m(x)).

Take the polynomials f(x), xf(x), ..., x* 1 f(x) modulo m(x) modulo p.

The required matrix is formed by taking the coefficients of these polynomials as columns

Computations [4]

> restart,

> with(PolynomialTools) :

> with(linalg) : with(LinearAlgebra) : with(ListTools) : with(combinat) :

1) Polynomial Representations

Cartesian Products
Cartesian product of two lists

cp2:=proc (K, L)
[seq(seq([x,y],y in L),x in K)];
end proc;

vVVvVyv

cep2 =proc(K, L) [seq(seq([x,y],in(y,L)),in(x,K))] end proc
> L4 := ¢p2([0,1],]0,1]);
L4:=[[0,0],[0,1],[1,0],[1,1]]
> nops(%);
4
> L9:=cp2([0,1,2],[0,1,2]);
L9:=[[0,0],[0,1],[0,2],[1,0],[1,1],[1,2],[2,0],[2,1],[2,2]]
> nops(%);
9
Cartesian product of three lists
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cp3:=proc (K, L,M)
local G;
G:=cp2(cp2 (K, L), M);
[seq(Flatten(J), in (J, G))1:;
end proc;
cp3 =proc(K, L, M)
local G;
G:=cp2(cp2(K, L), M); [seq(ListTools:-Flatten(J), in(J, G)) ]
end proc

> L18:= ¢p3([0,1],[0,1],[0,1]);
L8:=[[0,0,0],[0,0,11,[0, 1,01, [0, 1,11, [1,0,0], [1,0,1],[1,1,0], [1, 1, 1]]

VVVVYV

> nops(%);
8
> L27 = ¢p3([0,1,2],[0,1,2],10,1,2]);
L27:=[[0,0,0],[0,0,1],]0,0,2],[0,1,0],[0,1,1],10,1,2],[0,2,0],[0,2,1],[0,2,2],[1,
0,0],[1,0,1],[1,0,2],[1,1,0],[1,1,1],[1,1,2],[1,2,0],[1,2,1],[1,2,2],[2,0,0],
[2,0,1],[2,0,2],[2,1,0],[2,1,1],[2,1,2],[2,2,0],[2,2,1],[2,2,2]]

> nops(%);
27
Cartesian product of four lists

cp4:=proc(K,L,M,N)
local G;
G:=cp2(cp3(K, L, M) ,N);
[seq(Flatten(J), in (J, G))]1;
end proc;
cp4 =proc(K, L, M, N)
local G;
G:=cp2(cp3(K, L,M),N); [seq(ListTools:-Flatten(J), in(J, G)) ]
end proc

VVVVYV

> L16 == cp4([0,1],[0,1], [0, 1], [0, 1]);
L16:=[[0,0,0,0],[0,0,0,1],[0,0,1,0], 0,0, 1, 1], [0,1,0,0], [0, 1,0, 1], [0, 1, 1, 0], [0, 1,
1,1],[1,0,0,0],[1,0,0,1],[1,0,1,0],[1,0,1,1], [1,1,0,0], [1,1,0,1], [1, 1, 1,0, [1,
11, 1]]

> nops(%);
16
Cartesian product of five lists

cp5:=proc(K,L,M,N,O)

local G;

G:=cp2(cp4 (K, L,M,N), O);
[seq(Flatten(Jd), in (J, G))]1;
end proc;

VVVVYV
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ep5 =proc(K, L, M, N, O)
local G;

G :=cp2(cp4(K,L,M,N), O); [seq(ListTools:-Flatten(J), in(J, G)) ]
end proc
> L32:=¢p5([0,1],[0,1],[0,1],[0,1],[0,1]);

132 :=[[0,0,0,0,0], [0,0,0,0,1], [0,0,0, 1,0], [0,0,0, 1,11, [0,0, 1,0,0], [0,0, 1,0, 1], [0,
0,1,1,0],[0,0,1,1,1],[0,1,0,0,0], [0, 1,0,0,1],[0,1,0,1,0],[0,1,0,1,1], [0, 1, 1,0,
0],[0,1,1,0,1],[0,1,1,1,0],[0,1,1,1,1],[1,0,0,0,0],[1,0,0,0,1],[1,0,0,1,0], [1,
0,0,1,1],[1,0,1,0,0],[1,0,1,0,1],[1,0,1,1,0],[1,0,1,1,1],[1,1,0,0,0],[1, 1,0,0,
1],[1,1,0,1,0],[1,1,0,1,1],[1,1,1,0,0],[1,1,1,0,1],[1,1,1,1,0], [1,1,1,1,1]]

> nops(%);
32
Listing of the field elements

> GF(ZZ) = Sort([seq(FromCoefficientList(J, x),] inL4)], x);
GF(4) :==[0,1,x,1 + x]
> GF(23) := Sort([seq(FromCoefficientList(J, x),J inL8) ], x);
GF8) =[0,L,x, 1 +x,°, 1+, x4+ 1 +x + ]
> GF(24) := Sort([seq(FromCoefficientList(J, x),J inL16) ], x);
GF(16) = [O, 1,x,1 +x,x2, 1 +x2,x +x2, 1 —I—x+x2,x3, 1 +x3,x+x3,x2 +x3, 1 +x +x3,
1+x° —i—x3,x—l-x2 —I—x3, l+x+2 —|-x3]
> GF(32) := Sort([seq(FromCoefficientList(J, x),J inL9) ], x);
GF(9) =[0,1,2,x,2x, 1 +x,2+x,2+2x, 1 + 2x]
> GF(33) = Sort([seq(FromCoefficientList(J, x),J inL27) ], x);

GF(27) =[0,1,2,%2x 1 +x,2+x2+2x 1 + 25,2220, 2 + 4, 1 + 2 2x + 2 x + 42,
242, 14282, 2x+ 28, x + 25,2+ 2x+ 52 +x+ 5 L+ 2x+ 05 L +x + 42,2
+2x 4252+ x+25 1 +2x+ 225 1 +x 4247

> GF(ZS) := Sort([seq(FromCoefficientList(J, x),J inL32) ], x);

GF(32) = [0, l,x,l—|-x,)cz,1—|—xz,x—|-xz,1—i—x—l—xz,x3,1—i—x3,x—i-)c3,x2 +x3, 1 +x+x3,
1—|-x2—|—x3,x—i-xz—i-x3,1—|-x—|-x2—i-x3,x4,1—|—x4,x—i-x4,x2—|-x4,x3 +x4,1+x+x4,]
+x2 -1—x4,x+x2+x4,1-I—x3 +x4,x+x3 +x4,x2 +x3 +x4,l+x+x2+x4,1 + x
+5 +x4,1+x2+x3 +x4,x+x2+x3 +x4,1—+-x—f-xz—f-x3 +x4]

Field Operations

Algebraic operations can be performed by using maple command modpol.

X
1+x

> modpol( ,x2 +x+ 1,x,2];

1+x
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> modpol((x+ 1)_1,x3 +x + 1,x,2);
x + 3
> modpol((x + 1)-(x2 —|—x),x3 +2+ 1,x,2);
1+x+
Inverse element

> inv:=proc(f,g,x,p);
> modpol(1/f ,g,x,p);
> end proc;

inv:=proc(f, g, x,p) modpol(1/f, g,x,p) end proc

> inv(x,x2 +x+ l,x,2);
1 +x

I1) Cyclic Representation

Cyclic representation of GF(p™) induced by a primitive polynomial of degree n over Z,.

Cyclic Representation of GF(p™) induced by q.
Cyclic elements

> G:=proc(p,n);
> [0, [seq(x*r, r =0 .. p*n-2)][]1];
> end proc;
G :=proc(p,n) [0, [seq(x r,r=0.p"n—2)][]] end proc

> p = 2;

p:=2
> pni= 3;

n:=3
> q:= X +x 4 1;

g =1 +x4x

> Irreduc(g) mod 2;

true

> Primitive(q) mod 2;

true
> G(p,n);

[0, 1, x, x2, x3, x4, x5, x6]

Corresponding field elements

> F:=proc(p,n,q,x);
> [seq(modpol (G(p,n) [t], q, x, P), t =1 .. p*n)];
> end proc;
F :=proc(p,n, q,x) [seq(modpol(G(p,n)[t],q,x,p),t=1.p"n)] end proc
> F(p,n,q,x);
[0, 1,6, 21 +x,x+2% 1 +x+x,1+22]
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Sum of cyclic elements

> su:=proc(A,B)local t;

> t := Search(modpol (A+B, q, x, p), F(p,n,q,x));
> if t=1 then 0 else x*(t-2) end if;

> end proc;

su :=proc(4, B)
local ¢,
t = ListTools:-Search(modpol(A + B, q,x,p), F(p, n, q,x));
if 7=1 then 0 else x"(# —2) end if

end proc

> Su(xza XS, n,dq, x’p);

Product of cyclic elements

> pr:=proc(A,B)local m;

> m := Search(modpol (A*B, q, x, pP), F(p,n,q,x));
> if m=1 then 0 else x*(m-2) end if;

> end proc;

pr:=proc(4, B)
local m;
m = ListTools:-Search(modpol(A*B, q,x,p), F(p, n, q,x) );
if m=1 then 0 else x"(m — 2) end if

end proc

> pr(x*, ¥, q,x,p);

> CP:=proc(A,B)
> local M,P,CP;

> M := Matrix(nops (A) ,nops(B), proc (i, j) options operator, arrow; [A[i], B[]j]]
end proc) ;

> [seq(seq(M(i, j), i =1 .. nops(Ad)), j =1 .. nops(B))];
> end proc;

CP =proc(4,B)
local M, P, CP;
M = Matrix(nops(A), nops(B), (i,j) = [A[i], B[j1]);
[seq(seq(M(i,j),i=1.nops(A)),j=1.nops(B))]
end proc

Table of € x R of a binary operation f.
Sum Table

> ST:=proc(C,R,£)
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local m,n,M,RR,CC,U;

n:=nops (R) ;m:=nops (C) ;M := Matrix(m,n, (x,y)->£(C[x],R[y])):
RR := Matrix(l1l, n, [R]);

CC:=Matrix(m,1, [seq([x],x=C)])

U := [sum];

blockmatrix(2, 2, [U, RR, CC, M, U, CC, RR, M]);

end proc;

VVVVVVYV

ST :=proc(C, R, f)

local m, n, M, RR, CC, U,

n:=nops(R);

m = nops(C);

M :=Matrix(m, n, (x,y) =f(C[x],R[y]));

RR := Matrix(1,n, [R]);

CC = Matrix(m, 1, [seq([x],x=C)]);

U= [sum];

linalg:-blockmatrix(2,2, [U, RR, CC, M, U, CC, RR, M ])
end proc

> f:= (a,b)—sula,b);
1= (a, b) —>su(a, b)

> ST(G(p,n), G(p,n),f);

2 3 4 5 6]
sum 0 1 x X x x x x

0 01 xx2x3x4x5x6

1 1058 x2344

X xx30x41x2x6x5

Z A0 2

x3 x3x 1 xSOx6x2x4

x4 x4x5x2xx60 lx3

X x5x4x6x3x21 0 x

x6 x6x2x5 1 x4x3x 0

Product Table

PT:=proc(C,R, £f)

local m,n,M,RR,CC,U;

n:=nops (R) ;m:=nops (C) ;M := Matrix(m,n, (x,y)->£(C[x],R[y]));
RR := Matrix(l, n, [R]):;

CC:=Matrix(m,1, [seq([x],x=C)])

U := [prol;

blockmatrix(2, 2, [U, RR, CC, M, U, CC, RR, M]);

end proc;

VVVVVVVYV
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PT:=proc(C,R,f)

local m, n, M, RR, CC, U,

n:=nops(R);

m = nops(C);

M = Matrix(m, n, (x,y) =f(C[x], R[y]));

RR := Matrix(1,n, [R]);

CC = Matrix(m, 1, [seq([x],x=C)]);

U= [pro)

linalg:-blockmatrix(2,2, [U, RR, CC, M, U, CC, RR, M ])
end proc

> g= (¢, d)—pr(cd);
g:=(¢,d)—=pr(c,d)
> PT(G(p,n), G(p,n), g);

[ 2 3 4.5 6]
pro0 1 x x x x x x

000 0O0O0OO0OO0OO
1 01 xxzx3x4x5x6

X Oxx2x3x4x5x61

oAy«
Yol APl x4
dotP 1 x2S
¥ o X1 ox 2PN

6 0x61 xx2x3x4x5

Inverse Table

> IT:=proc(n,a)

> 1local L,H;

> L:=[seq(a”i, i =0..n-1)];

> H:=algsubs(a”(n)=1, [seq(a”(n-i),i=0..n-1)]);
> Matrix(2,n,[L,H]);

> end proc;

IT :==proc(n, a)
local L, H,
L= [seq(a™i,i=0.n—1)];
H :=algsubs(a”n=1, [seq(a™(n —i),i=0.n—1)]);
Matrix(2,n, [L, H])
end proc

> IT(8,x);

1 2 3 4 5 6 17
X X X X X X X

lx7x6x5x4x3x2x
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I11) Matrix Representations
Standard polynomial form
> st:=proc(f,q);
> sort (rem(£f,q,x) ,x,ascending) ;end proc;

st :=proc(f, q) sort(rem(f, q,x), x, ascending) end proc

Matrix representation of a + bx in GF(22) induced by the polynomial q.
> mr22:=proc(a,b,x,q) local KK1,KK2;
KK1

[coeffs (st (atb*x, q), x)];

KK2 [coeffs (st (x* (at+b*x), q), x)];

>
>
> LinearAlgebra[Transpose] (Matrix ([KK1l, KK2]))mod 2;
>

end proc;

mr22 =proc(a, b, x, q)

local KK, KK2;

KK1 :=[coeffs(st(a + b*x,q),x)];

KK2 :=[coeffs(st(x* (a + b*x),q),x)];

mod(LinearAlgebral ListTools:-Transpose|(Matrix([ KK1, KK2])), 2)
end proc

> Irrea’uc(x2 +x + 1) mod 2;

true
> mr22(a, b,x,x2 +x+ 1) ;
a b
ba+b

Matrix representation of a + bx + cx? in GF(23) induced by the polynomial q.

LinearAlgebra[Transpose] (Matrix ([KK1l, KK2,KK3]))mod 2;
end proc;
mr23 =proc(a, b, c,x,q)
local KK1, KK2, KK3;
KK1 = [coeffs(st(a + b*x + c*x"2,q),x) |;
KK2 :=[coeffs(st(x* (a + b*x + c*x"2),q),x)];
KK3 :=[coeffs(st(x 2% (a + b*x + c*x"2),q),x)];
mod(LinearAlgebral ListTools:-Transpose|(Matrix([ KK 1, KK2, KK3])), 2)
end proc

> mr23:=proc(a,b,c,x,q) local KK1,KK2,6KK3;

> KKl:=[coeffs (st (atb*x+c*x*2, q), x)];

> KK2 := [coeffs(st(x*(atb*x+c*x"2), q), x)];

> KK3 := [coeffs(st(x*2* (a+b*x+c*x"2), q), x)];
>

>

> Irreduc(x3 +x + 1) mod 2;

true
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> mr23(a, b,c,x,x3 +x+ 1);

a c¢ b
ba+cb+c
¢c b a+c

> Irreduc(x3 + 2+ 1)m0d2;
true
> mr23(a,b,c,x,x3+x2+1);
a c¢ b+c
b a c
cb+tca+b+c

Matrix representation of a + bx + cx? + dx® in GF(2*) induced by the polynomial q.

> mr24:=proc(a,b,c,d,x,q) local KK1,KK2,KK3,KK4;
> KKl:=[coeffs (st (at+b*x+c*x*2+d*x*3, q), x)];
> KK2 := [coeffs (st (x* (at+b*x+c*x*2+d*x*3), q), x)];
> KK3 := [coeffs(st(x*2* (a+tb*x+c*x*2+d*x*3), q), x)];KK4 :=
[coeffs (st (x*3* (at+tb*x+c*x*2+d*x*3), q), x)];
> LinearAlgebra[Transpose] (Matrix ([KK1l, KK2,KK3,KK4]))mod 2;
> end proc;
mr24 =proc(a, b, c,d, x,q)
local KK1, KK2, KK3, KK4,
KK1 = [coeffs(st(a + b*x + c*x"2 + d*x"3,q),x) |;
KK2 :=[coeffs(st(x* (a + b*x + c*x"2 + d*x"3),q),x) ];
KK3 :=[coeffs(st(x"2* (a + b*x + c*x"2 + d*x"3),q),x) ];
KK4 :=[coeffs(st(x"3* (a + b*x + c*x"2 +d*x"3),q),x) ];
mod(LinearAlgebral ListTools:-Transpose|(Matrix([ KK 1, KK2, KK3, KK4])), 2)
end proc

> Irreduc(x4+x+1)mod2;
true
> mr24(a,b,c,d,x,x4—|—x+l);
a d c b
ba+dc+db+c
c b a+dc+d
d ¢ b a+d

Matrix representation of a + bx + cx? + dx® + ex* in GF(2%) induced by the polynomial gq.

> mr25:=proc(a,b,c,d,e,x,q) local KK1,KK2,KK3,KK4,6KK5;

> KKl:=[coeffs (st (atb*x+c*x*2+d*x"*3+e*x*4, q), x)];

> KK2 := [coeffs (st (x* (atb*x+c*x*2+d*x*3+e*x"4), q), x)];

> KK3 := [coeffs (st (x*2* (a+b*x+c*x*2+d*x"*3+e*x*4), q), x)],;KK4 :=
[coeffs (st (x*3* (atb*x+c*x*2+d*x*3+e*x"4), q), x)] ,;KK5 :=

[coeffs (st (x*4* (a+tb*x+c*x*2+d*x*3+e*x"4), q), x)];

> LinearAlgebra[Transpose] (Matrix ([KK1l, KK2,KK3,KK4,KK5]))mod 2;
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> end proc;

mr25 :=proc(a, b, c,d e x,q)
local KK1, KK2, KK3, KK4, KKS5:;
KK :=[coeffs(st(a + b*x + c*x"2 + d*x"3 + e*x™, q), x) |;
KK2 :=[coeffs(st(x* (a + b*x + c*x"2 + d*x"3 + e*x"4), q),x) ];
KK3 :=[coeffs(st(x"2% (a + b*x + c*x"2 + d*x"3 + e*x"4),q),x) ];
KK4 :=[coeffs(st(x"3* (a + b*x + c*x"2 + d*x"3 + e*x"4),q),x) ];
KK5 = [coeffs(st(x 4* (a + b*x + ¢*x"2 + d*x"3 + e*x"4),q), x) ];
mod(LinearAlgebral ListTools:-Transpose|(Matrix([ KK 1, KK2, KK3, KK4, KK51)),2)

end proc

> Irreduc(x5+x2+l)mod2;

true
> mr25(a,b,c,d,e,x,x5 + 7+ 1);
a e d c b+te
b a e d c
cb+ea+dct+ed+b+e
d ¢ b+ea+d cH+e
e d c b+te a+t+d

Matrix representation of a + bx in GF(3?) induced by the polynomial q.

LinearAlgebra[Transpose] (Matrix ([KK1l, KK2]))mod 3;
end proc;
mr32 =proc(a, b, x,q)
local KK, KK2;
KK = [coeffs(st(a + b*x,q),x)];
KK2 :=[coeffs(st(x* (a + b*x),q),x)];
mod(LinearAlgebral ListTools:-Transpose|(Matrix([ KK1, KK2])), 3)
end proc

> mr32:=proc(a,b,x,q) local KK1,KK2;

>

> KK1 := [coeffs(st(a+b*x, q), x)];

> KK2 := [coeffs(st(x*(at+b*x), q), x)];
>

>

> Irreduc(x2 + l) mod 3

true
> mr32(a, b, x,x2 + 1);
a?b
b a

Matrix representation of a + bx + cx? in GF(33) induced by the polynomial q.
> mr33:=proc(a,b,c,x,q) local KK1,KK2,6KK3;

> KKl:=[coeffs (st (at+b*x+c*x"*2, q), x)];
> KK2 := [coeffs(st(x*(atb*x+c*x*2), q), x)];
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> KK3 := [coeffs (st (x*2* (at+b*x+c*x*2), q), x)];
> LinearAlgebra[Transpose] (Matrix ([KK1l, KK2,KK3]))mod 3;
> end proc;
mr33 =proc(a, b, c,x, q)
local KK1, KK2, KK3;
KK1 :=[coeffs(st(a + b*x + c*x"2,q),x)];
KK2 :=[coeffs(st(x* (a + b*x + c*x"2),q),x)];
KK3 = [coeffs(st(x 2% (a + b*x + c*x"2),q),x) ];
mod(LinearAlgebral ListTools:-Transpose|(Matrix([ KK1, KK2, KK3])), 3)
end proc

> Irrea’uc(x3 +2-x+ 2) mod 3;

true
> mr33(a,b,c,x,x3+2-x+2);
a c b
ba+cb+c
c b a+c

Matrix representation of a + bx + cx? + dx® in GF(3*) induced by the polynomial q.

> mr34:=proc(a,b,c,d,x,q) local KK1,KK2,KK3,KK4;
> KKl:=[coeffs (st (at+b*x+c*x*2+d*x*3, q), x)];
> KK2 := [coeffs (st (x* (at+b*x+c*x*2+d*x*3), q), x)]1;
> KK3 := [coeffs(st(x*2* (a+tb*x+c*x*2+d*x*3), q), x)];KK4 :=
[coeffs (st (x*3* (a+b*x+c*x*2+d*x*3), q), x)];
> LinearAlgebra[Transpose] (Matrix ([KK1l, KK2,KK3,KK4]))mod 3;
> end proc;
mr34 :=proc(a, b,c,d, x,q)
local KK, KK2, KK3, KK4;
KK1 :=[coeffs(st(a + b*x + c*x"2 + d*x"3,q),x) |;
KK2 = [coeffs(st(x* (a + b*x + c*x"2 + d*x"3),q),x) |;
KK3 = [coeffs(st(x 2% (a + b*x + c*x"2 + d*x"3), q),x) |;
KK4 :=[coeffs(st(x"3* (a + b*x + c*x"2 + d*x"3),q),x)];
mod(LinearAlgebral ListTools.-Transpose|(Matrix([ KK 1, KK2, KK3, KK4])), 3)
end proc

> Irreduc(x4 +2 % +x+ l)mod 3;
true
> mr34(a,b,c,d,x,x4—|—x3—|—x2 —|—x—|—1);
a 2d 2c+d2b+c
ba+2d 2c d+2b
cb+2da+2c 2b
dc+2d b+2ca+2b
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