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الوثالً الأعظوً،  وححذٌذا فً  فً الجبز وًظزٌت الحلقتالخشٌت العلاقت بٍي الٌظزٌت  :  حهذف الذراست إلى هعزفتالملخص 

      وهذٍ الوفاهٍن للوثالٍي الخشٌٍٍي لً رئٍسً خشي،وهثا و ،هثالً أعظوً خشيسٌجذ أى هٌاك حثث  ،ومذلل الوثالً الزئٍسً

الوعزفٍي فً الحلقاث. موا حوج  على الخىالً) الأعظوً، الزئٍسً( ٌعخبزاى مخىسٍع لوفهىم الوثالٍٍي ) الاعظوً والزئٍسً ( 

ًأهل أى ٌنىى هفٍذاً وٌخٍجت جذٌذة. هي أعلً وهي أسفل علً هذٌي الوثالٍٍي. حٍث ًقذههوا مخصائص الخقزٌباث دراست بعض 

 جذاً هي الٌاحٍخٍي الٌظزٌت والخطبٍقٍت.

 ت ، هثالًحقزٌب أقل ، حقزٌب علىي ، حلق :الكلمات الداله

Abstract 
   In this paper, we will delving deeper into the connection between the rough theory and the ring theory precisely 

in the maximal ideal. We will find that there is a rough maximal and principal ideal as an extension of the notion 

of a maximal and principle ideal respectively. Some properties of approximations of the maximal and the principal 

are studied.  

Keywords:   lower approximation, upper approximation, ring, ideal 

1-Introduction 

The rough set theory has shown by Pawlak [1] in 1982. It is a good formal tool for modeling and processing 

incomplete information in information system. In recently 40 years, some researchers develop this theory and use 

it in many areas. The upper approximation of a given set is the union of all the equivalence classes, which are 

subsets of the set, and the lower approximation is the union of all the equivalence classes, which are intersection 

with set non-empty. Many researchers develop and use the rough theory in the group and ring theory. For example, 

the notation of rough subring with respect ideal has presented by B.Davvaz[2]. Algebraic properties of rough sets 

have been studied by Bonikowaski [3]. John N. Mordeson[4], he used covers of the universal set to defined  

approximation operators on the power set of the given set. Some concept lattice in Rough set theory has studied by 

Y.Y. Yao[5]. Ronnason Chinram, [6] , he study  rough prime ideas and Rough fuzzy prime ideals in gamma-

semigroups. Some other substitute an algebraic structure instead of the universe set. Like Biswas and Nanda [7], 

they make some notions of rough subgroups. Kuroki in [8], introduced the notion of a rough ideal in a semi group. 

Some properties of the Also, Kuroki and Mordeson in [9] studied the structure of rough sets and rough groups. S.B 

Hosseinin[10], he introduced and discussed the concept of T-rough (prime, primary) ideal and T-rough fuzzy 

(prime, primary) ideal in a commutative ring In addition, B.Davvaz [11] applied the concept of approximation 

spaces in the theory of algebraic  hyperstructures, and in investigated the similarity between rough membership 

functions and condi-tional probability. Nurettin Ba˘gırmaz[14] introduced the notion of rough prime ideals. In this 

paper, we shall introduce the maximal ideal. Our result will introduce the rough maximal ideal as an extended 

notion of a classic maximal ideal and we study some properties of the lower and the upper approximations a 

maximal ideal. 

2- Preliminaries  
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       Suppose that U (universe) be a nonempty finite set. Let ~ an equivalence relation (reflexive, symmetric, and 

transitive) on an U.  Some authors say ~ is indiscernibility relation. The discernibility relation represents our lack 

of knowledge about elements of U. For simplicity, they assume ~ an equivalence relation. We use U/~ to denote 

the family of all equivalent classes of ~ (or classifications of U), and we use [x]~ to denote an equivalence class in 

R containing an element xU. The pair (U,~) is called an approximation space. The empty set  and the elements 

of U/~ are call elementary sets. For any X  U, we write X
c
 to denote the complementation of X in U. 

Definition 2.1: 

[1] For an approximation space (U, ~), we define the upper approximation of X by   ̅̅ ̅̅       [ ]    
  ;i.e.   ̅̅ ̅̅  the set of all objects which can be only classified as possible members of X with respect to ~ is called 

the ~-upper approximation of a set X with respect to ~. And the lower approximation of X by         
  [ ]       i.e    is the set of all objects which can be with certainty classified as members of X with respect 

to ~ is called the ~lower approximation of a set X with respect to~. 

Definition 2.2: 

[1] For an approximation space (U, ~) ,we define the boundary region by       ̅̅ ̅̅      i.e .     is the set of 

all objects which can be decisively classified neither as members of X nor as the members of  X
c 
 with respect to ~. 

If       , we say X is exact (crisp) set . But if       ,  we say X Rough set ( inexact).  

Proposition 2.3 

 [1] Let X, ⊂ U, where U is a universe. Then, the approximations have the following properties : 

1)         ̅̅ ̅̅ ̅ 

2)       ̅̅ ̅̅ ̅       ̅̅ ̅̅ ̅   

3)                       

4)                      

5)        ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅       ̅̅ ̅̅ ̅̅ ̅̅       ̅̅ ̅̅ ̅̅ ̅  
6)        ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅       ̅̅ ̅̅ ̅̅ ̅̅       ̅̅ ̅̅ ̅̅ ̅  

7)     ̅̅ ̅̅ ̅̅ ̅          

8)         ̅̅ ̅̅ ̅   

 

9)              ̅̅ ̅̅ ̅̅ ̅̅ ̅        

 

10)          
̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅

             ̅̅ ̅̅ ̅ 

Example 2.4  

   Let us consider set of objects U ={ x1, x2, x3, x4, x5, x6, x7 }, and the Equivalence relation ~ = {{ x1}, { x2}, { x3,  x4 

}, { x5, x7 }, { x6 }}, and Let X= { x1, x4, x6 }. Now, the upper approximations of X:   ̅̅ ̅̅       [ ]    
   So   ̅̅ ̅̅  = { x1, x3, x4, x6} and the lower approximation of X :        [ ]     .So    = { x1, x6  }. The 

boundary region by        ̅̅ ̅̅     .So,    = { x3, x4 }.  Then        ,  so X is  Rough set . 

Now, we define the ideal and maximal idea. Then we will study the upper and lower approximations ideal. We 

suppose we have a ring      and I  be an Ideal of a ring    , and X be a non-empty subset of  . 

Definition 2.5 

[13]: Let I  be an Ideal of   ; For a,b      we say  a is congruent of b mod I, we express this fact in symbols as  

                                     …………….(1) 

Not that, it easy to see the relation (1) is an equivalents relation. Therefore, when we let U=   and we suppose a 

relation ~ is the equivalents relation (1), so we can defined the upper  and lower approximation of X with respect 

of I as:    ̅̅ ̅̅ ̅̅                   ,                    , respectively. Moreover, the 

boundary of X with respect of I is  BX =    ̅̅ ̅̅ ̅̅      . If BX=  we say X is Rough set with respect I. For any 

approximation space (U, ~) by rough approximation on (U, ~), we mean a mapping  Apr(X):            

     defined by for all         Apr(X)=      ̅̅ ̅̅ ̅̅       , where 
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     ̅̅ ̅̅ ̅̅                  ,                   . 

Definition 2.6 
 [14] Let (U, ~) be an approximation space and (·) be a binary operation defined on U. An rough ideal H is called 

rough prime ideal of a rough semigroup S if for a, b   S, ab   R (H) implies a   H or b   H. 

Definition 2.7 

[13]:  An ideal M in a ring   we called maximal if M ≠   and the only ideal strictly containing M is  . 

Definitions 2.8 

[12]: Let    be a commutative ring with identity. Let S be a subset of   . The ideal generated by S is the subset 

< S > = {r1s1 + r2s2 + ... + rksk      | r1 , r2 , ...    , s1 , s2 , ...   S, k   N}.In particular, if S has a single 

element s this is called the principal ideal generated by s.That is, < s > = {rs | r     }. 

Examples 2.9 

 The ideal 2   of   is the principal ideal < 2 >. 

Proposition 2.10 

[12] Let   be a commutative ring with identity. Then every maximal ideal of    is prime. 

Proof: suppose that ab J where a,b Aand J is an idealof A, Let a∉J  to show b J. 

Since a∉J and a+J≠0+J Hence  a+J has an inverse in A /J, So ∃(c+J) A/J such 

that (a+J)(c+J)=1+J⟹ac+J=1+J⟹ac−1 J⟹bac−b J⟹abc−b J. Again ab J⟹abc J. 

Thus b=b−abc+abc J. 

Example 2.11 

  For   =  12 there are only two maximal ideals M1 = {0, 2, 4, 6, 8, 10} and M2 = {0, 3, 6, 9}. Two other ideals, 

which are not maximal are {0, 4, 8} and {0, 6}. 

3- Upper and lower maximal ideals  

 In this section, we introduce the approximations of a non-empty subset of a ring   with respect of the maximal 

ideal of   and we study some properties of these approximations. Let consider the example2-4:  

Example 3.1 

  Let consider the example2-4 . Suppose       , we take  M = {0, 3, 6, 9}. Let A={1,2,6,7,9}  For        , 

we get {0,3,6,9}, {1,4,7,10},{2,5,8,11}. Now, the upper approximations of A with respect of M:     ̅̅ ̅̅ ̅̅ ̅       
            , =                              and lower approximation of A with respect of M=       

              ,  So,          because no element satisfy the definition of      .  Moreover,  BA 

=    ̅̅ ̅̅ ̅̅                                   . Then,  A is rough set with respect M. 

Example 3.2 

    Let us consider the ring     . Suppose the maximal ideals is M={0,2,4} and X={1,2,3,4,5}. For x      
 , we get {0,2,4}, {1,3,5}. The upper approximations of X with respect of M:  {0, 2, 4}  {1, 3, 5}.       ̅̅ ̅̅ ̅̅ ̅  
              and the lower approximation of X with respect of M :              BX =    ̅̅ ̅̅ ̅̅ ̅               . 

Then X is rough set with respect maximal ideal M. 

Example 3.3 

    Let us consider the ring     . Suppose the maximal ideals is M={0,3} and X={1,2,3,4,5}. For       
 , we get {0,3}, {1,4},{2,5}. The upper approximations of X with respect of M:  {0, 3}  {1, 

4} {2,5}.       ̅̅ ̅̅ ̅̅ ̅                and the lower approximation of X with respect of M :                BX 

=    ̅̅ ̅̅ ̅̅ ̅             . Then X is rough set with respect maximal ideal M. 

Example 3.4 

    Let us consider the ring     . Suppose the maximal ideals is M={0,3} and A={4,5}. For        , we 

get {0,3}, {1,4},{2,5}. The upper approximations of X with respect of M:  {1, 4} {2,5}.       ̅̅ ̅̅ ̅̅ ̅            and 

the lower approximation of X with respect of M :        

BA =    ̅̅ ̅̅ ̅̅ ̅                 . Then A is rough set with respect maximal ideal M. 

Example 3.5 
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    Let us consider the ring     . Suppose the maximal ideals is M={0,3} and B={1,2,3}. For        , 

we get {0,3}, {1,4},{2,5}.  The upper approximations of B with respect of M:  {0,3}{1,4} {2,5}.       ̅̅ ̅̅ ̅̅ ̅  

              and the lower approximation of B with respect of M :       BB =    ̅̅ ̅̅ ̅̅ ̅        

             . Then B is rough set with respect maximal ideal M. 

Example 3.6 

    Let us consider the ring     . Suppose the maximal ideals is M={0,3} and B={0,4,5}. For        , 

we get {0,3}, {1,4},{2,5}.  The upper approximations of B with respect of M:  {0,3}{1,4} {2,5}.       ̅̅ ̅̅ ̅̅ ̅  

              and the lower approximation of B with respect of M :       BB =    ̅̅ ̅̅ ̅̅ ̅        

             . Then B is rough set with respect maximal ideal M. 

From Example 3,3 , example 3.4, and example 3.5, we can see that A={4,5} and B={1,2,3}. And X=AB. 

    ̅̅ ̅̅ ̅̅ ̅                ̅̅ ̅̅ ̅̅ ̅               =        ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ; 

                            

We can get the properties of maximal ideal in following proposition: 

Proposition 3-7 

 Suppose   is the ring. Let M be the maximal ideal of  . For every subset A,B    we have: 

1)             ̅̅ ̅̅ ̅̅ ̅; 

2)            ̅̅ ̅̅ ̅̅ ̅; 

3)            ̅̅ ̅̅ ̅̅ ; 

4)                     

5)        ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅       ̅̅ ̅̅ ̅̅ ̅̅       ̅̅ ̅̅ ̅̅ ̅̅   

6) If A B , then                   ̅̅ ̅̅ ̅̅ ̅        ̅̅ ̅̅ ̅̅ ̅; 

7)                   

8)        ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅       ̅̅ ̅̅ ̅̅ ̅̅       ̅̅ ̅̅ ̅̅ ̅̅   
9)                 ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅          

10)          
̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅

               ̅̅ ̅̅ ̅̅ ̅̅  

Proof: If x      , then x                 , then x A,Hence       , next if x  A,     ̅̅ ̅̅ ̅̅ ̅  

                ,, then x     ̅̅ ̅̅ ̅̅ ̅  then A      ̅̅ ̅̅ ̅̅ ̅. 

1) And 3) it easy to see that. 

4) If x        , then x                       , then x                    , then 

then x            

5) It say way in 4) 

6) Since A B, then A B=A, by 4) then             It implies    ̅̅ ̅̅ ̅̅ ̅      ̅̅ ̅̅ ̅̅ ̅, also, by 5) we get     ̅̅ ̅̅ ̅̅ ̅      ̅̅ ̅̅ ̅̅ ̅. 

7) Since A  A  B, B  A  B , by 6) we get                     ̅̅ ̅̅ ̅̅ ̅        ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅;                      

           

8) It say way in 7) 

9) -10) it is easy to see that by using of definition of upper and lower approximations of A with respect M.   

Now, suppose   is any subset of a ring   and ( , 𝜃) be a rough approximation space. let U=   , we can defined 

the upper  and lower approximation of X with respect of M  as:    ̅̅ ̅̅ ̅̅ ̅                   ,       

             , respectively. Moreover, the boundary of X with respect of M is  BX =    ̅̅ ̅̅ ̅̅ ̅      . If 

BX=  we say X is Rough set with respect M. For any approximation space (U, ~) by rough approximation on (U, 

~), we mean a mapping Apr(X):                 defined by for all         Apr(X)=      ̅̅ ̅̅ ̅̅ ̅      , 

where     ̅̅ ̅̅ ̅̅ ̅                  ,                   . If 𝜃    and 𝜃   ̅̅ ̅̅ ̅̅  are ideals , then  
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𝜃   ̅̅ ̅̅ ̅̅   is called a lower and upper rough maximal ideal  , respectively. ( ) = (𝜃   ̅̅ ̅̅ ̅̅ , 𝜃   ) is called rough maximal  

ideal of  . 

Theorem 3.8 

 Let M  be an Idea of  a ring   ,                      , If   maximal ideal of  , then 𝜃   ̅̅ ̅̅ ̅̅  is a is  ideal of 

ring    . 

Proof.: Let  ,     𝜃   ̅̅ ̅̅ ̅̅ . Then [ ] ∩   ≠  ,[ ]𝜃 ∩   ≠  . So there exist     [ ] ∩   and     [ ] ∩  . Since  ,     

 ,   +      . Now   +     [ ] + [ ]   [  +  ]. Therefore [  +  ] ∩   ≠   and this means that   +     𝜃   ̅̅ ̅̅ ̅̅ . Again 

let     𝜃   ̅̅ ̅̅ ̅̅  and 𝑟   𝜃   ̅̅ ̅̅ ̅̅ . Then there exists     [ ] ∩   and ( ,  )   𝜃. Since 𝜃 is congruence relation, ( 𝑟,  𝑟) 

and (𝑟 , 𝑟 )   𝜃. This means that  𝑟, 𝑟    𝜃   ̅̅ ̅̅ ̅̅ . Thus 𝜃   ̅̅ ̅̅ ̅̅  is an ideal of  . 

Lemma 3.9 

 Suppose    is a ring and M is a maximal ideal of  , For any A     and            ̅̅ ̅̅ ̅̅ ̅ ≠  , then (    ̅̅ ̅̅ ̅̅ ̅, 

    ) is a rough maximal ideal of  . 

Lemma 3.10 

 Suppose    is a ring and M is a maximal ideal of  . and A    , the following hold:  

(i)  (     ) =   \    ̅̅ ̅̅ ̅̅ ̅); 

(ii)        ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅  =    \     ; 

(iii)      ̅̅ ̅̅ ̅̅ ̅       c
)
c
 ;           ̅̅ ̅̅ ̅̅ ̅̅    

Proof: The proof is obvious and hence omitted by using of definition of upper and lower approximations of A with 

respect M.   

4- Upper and lower principal ideal: 

In this section, we using a same way in section 3 to find a rough principle ideal.  

Example 4.1 

  Let us consider the ring      , J={0,2,4} and X={1,2,3,4,5}. For x        , we get  

{0,2,4}, {1,3,5}. The upper approximations of X with respect of J:  {0, 2, 4}  {1, 3, 5}.        ̅̅ ̅̅ ̅̅               . 
And the lower approximation of X with respect of J:             ,BX =    ̅̅ ̅̅ ̅̅               . Then X is rough 

set with respect J. 

we study the properties of principle ideals in a ring using congruence and complete congruence relations. We have 

obtained characterizations of principle ideals and complete prime ideals in terms of the lower and upper 

approximations.  

 Theorem 4.2 

 [16] If   is an ideal in the ring  , then the following propositions are equivalent: 

(1)   is a prime ideal; 

(2)  If < a >,< b>  are principal ideals, and < a > < b >      then       or        

(3)  For every  ,    ,   ∉   and 𝑗 ∉   implies ( )(𝑗) ⊈ P. 

In the following theorem, we can study the properties of the principle rough. 

Theorem 4-3 

 suppose                  and I principle ideal. For every approximation ( ,I)  and Every subset A,B    we 

have: 

1)             ̅̅ ̅̅ ̅̅ ; 

2)            ̅̅ ̅̅ ̅̅ ; 

3)            ̅̅ ̅̅ ̅̅ ; 

4)                     

5)        ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅       ̅̅ ̅̅ ̅̅ ̅       ̅̅ ̅̅ ̅̅ ̅  
6) If A B , then                   ̅̅ ̅̅ ̅̅        ̅̅ ̅̅ ̅̅ ; 

7)                   
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8)        ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅       ̅̅ ̅̅ ̅̅ ̅       ̅̅ ̅̅ ̅̅ ̅  
9)      ̅̅ ̅̅ ̅̅            

10)           ̅̅ ̅̅ ̅̅    

Proof : we use the same technique in proposition 3-1.  

Theorem 4.4 

 Let M  be an Idea of  a ring  ,                      , If   principle ideal of  , if and only if 

     ̅̅ ̅̅ ̅̅ ̅principle  ideal of  . 

Proof.: 

 Let M be a principle ideal of  . Let  ,       such that           ̅̅ ̅̅ ̅̅ ̅. Suppose  ,   ∉      ̅̅ ̅̅ ̅̅ ̅. Then [ ]~ ∩ M =   and 

[ ] ~ ∩ M =  . This implies that  ,   ∉ M. Then    ∉ M, otherwise      M and since M is principle ideal,     M 

or     M, a contradiction. Now    ∉ M ⇒ [  ] ~ ∩ M =   and    ∉       ̅̅ ̅̅ ̅̅ ̅, contradicts to assumption. Thus      ̅̅ ̅̅ ̅̅ ̅ 

is principle. Conversely, we assume that      ̅̅ ̅̅ ̅̅ ̅ principle ideal of  a ring  .  Suppose that  ,       such that      

M. Let  ,   ∉ M. we get [ ] ~ ∩ M =   and [ ] ~ ∩ M =  . This implies that  ,   ∉      ̅̅ ̅̅ ̅̅ ̅. This leads to    ∉      ̅̅ ̅̅ ̅̅ ̅. 

Otherwise           ̅̅ ̅̅ ̅̅ ̅  implies,      ̅̅ ̅̅ ̅̅ ̅  being principle,  ,          ̅̅ ̅̅ ̅̅ ̅ which a contradiction with assumption. Thus 

   ∉      ̅̅ ̅̅ ̅̅ ̅. Now, suppose that    ∉      ̅̅ ̅̅ ̅̅ ̅. Then [ ] ~ ∩ M =   and    ∉     ̅̅ ̅̅ ̅̅ ̅, contradiction. Thus, M is a 

principle ideal of  . 

Conclusion: The theory rings has wide applications in several areas such as optimization theory, discrete event 

dynamical systems, automata theory, formal language theory and parallel computing. The theory of rough sets also 

has many applications in the above areas. In this paper, we introduce the rough maximal ideal and principle ideal 

and study some properties of approximations of them. Moreover, we find for any a non-empty sets of a ring   if 

the intersection between upper and lower maximal ideal of a ring   is non empty, then the boundary will maximal 

ideal of  a ring   as a new result . We certainly hope that our work will be very useful both in the theoretical and 

application aspect. 
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