High Accurate Investigation of the Nuclear Hydrodynamical
Moment of Inertia
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abstract: A method for investigating the non-axial moments of inertia within the framework of the
hydrodynamical model is developed to give a high accurate formula of the hydrodynamical moments of inertia.
In these investigations the third order of the deformation parameter is taken into account.
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1. INTRODUCTION

The nuclear collective motion [1] is a topic of the nuclear structure theory some fifty years old which has
grown steadily both in the sophistication of its theory and in the range of data to which it relates.
Lying at the basis of the so-called generalized model of the nucleus was proposed by Bohr (1952) and Bohr and
Mottelson (1953) [3-4]. The detailed theory of the collective excited states of the nuclei is described in the
monograph by Davydov (1967) [5]. The generalized model is a synthesis of the shell and liquid drop models,
which is the assumption that the individual nucleons move independently in a slowly varying self-consistent
field. In this model as in the shell model, degrees of freedom associated with the motion of one nucleon or
several weakly coupled nucleons in the self consistent field are taken into account. In the generalized model, as
in the liquid drop model, collective degrees of freedom associated with change of the shape of the nucleus and of
its orientation in space are taken into account. In the generalized model; it is usually assumed that the internal
and collective motions are separable; they are therefore treated independently. The collective motion of the
nucleons in nuclei reduces principally to deformations of the shape of the nuclei, with no change in their volume.
In the case of spherical nuclei, the collective excitations correspond to vibrations of the surface of the nucleus of
the nucleus about the equilibrium shape. In non-spherical nuclei, the collective excitations can be associated with
the vibrations of the surface of the nucleus and with rotation of the nucleus in space.

Until now the description of the nucleus as a drop of an ideal incompressible liquid, we can show that, in the
case of irrotational flow of this liquid, the hydrodynamical (irrotational) moments of inertia coincide with the
effective one,

~hyd ~ 3 i 2m(i+1) .
Rl =\5ieff=§Am,82 R_fphsmz(y— n3 ),1613 (1.1)
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Where g and y are the axially, non-axially deformation parameters and R, is the radius of the nucleus if it

were spherical having the same volume, respectively,Z; = {0,1,2} . The groups of integers modulo 3, addition
modulo 3.

In the present paper we have reinvestigated the hydrodynamical moments of inertia by considering the nucleus

as a liquid in a non-axially ellipsoidal rotating container. To a certain extent, the formula resulting from these
investigations may introduce high accurate calculation of the hydrodynamical moments of inertia that takes into
account the deviation from the effective moment of inertia.

2. THE HYDRODYNAMICAL MOMENTS OF INERTIA
The moments of inertia of the nucleus ; is defined as the ratio between the rotational angular

momentum 7 9R; and the angular frequency wif
~ IR
J. —_— — ,
i Ol)if

To determine the moments of inertiaJ;, it is necessary to make use of specific ideas on the internal structure of
the nucleus. As limiting cases of the rotating model of the nucleus, we can consider the rotation of a solid and the
potential motion of an ideal liquid in rotating shell. The difference between these limiting cases is very clearly
manifested in the example of the rotation spherical system.

In the case of the solid, on going over to spherically symmetric case the moment of inertia tends to finite value,
namely, the moment of inertia of the solid sphere.

In the case of the hydrodynamic model, in the rotation of the spherical shell the velocity of each point on the
surface g on the surface is directed along a tangent, and the normal component of the velocity is equal to zero.
Therefore, only a liquid at rest will satisfy the equations of motion of ideal hydrodynamics in such a vessel
(container), and consequently, the moment of inertia of the system will be equal to zero.

If the shell has non-spherical shape, the normal component of the velocity at the surface will be non zero
(g, # 0,9, =q 1 = ¢q, e+ n)and the liquid will be dragged along the shell rotates.

The energy of rotation for a given angular velocity will be greater the more the shape of the shell differs from
that of the sphere.

We shall represent the nucleus in the form of an ellipsoid of revolution, with semi-axis of lengths [1-2]:

5 2T ]
R; = Rspp exp( \/;ﬁ cos <y - ?(l + 1)) ), LE€EZs (2.2)

If the nucleus regarded as a solid, whose components of moment of inertia are calculated according to the well-
known formula for mechanics:

i€Zs (2.1)

37 = ATm (Riy + REp), i € L3 (2.3)

2

Consequently, Am is the mass of the ellipsoidal nucleus whose equation is given by

2
Xi

(S =1)

We now determine the moment of inertia for the potential motion of an ideal liquid in an ellipsoidal vessel
having the shape of the nucleus. The simplest assumption about the flow pattern of the fluid we can make is that

283



incompressible, it means that the density inside the nucleus is constant (p* = 0), and we get from the equation of
continuity (Ve g = 0). The next assumption is that of irrotationality or vortex-free flow (Vaq = 0), but for

the moment let us take the velocity g of the liquid is given by the gradient of the potential ®. The potential ®
satisfying Laplace's equation

VZd =0 (2.4)
In the case of an ideal liquid, the boundary conditions reduce to the requirement that the normal component of the
liquid at the surface ( q « 1) coincide with the normal component of the velocity of the vessel wall(gs 1) [5].
The velocity of a point with position vector ¥ = ( Xy, X1, X, ) at the surface of the rotating vessel is equal tois
the angular @ = ( wg, w4, w, ), Where g, = w A 7 velocity of the vessel.
The unit normal to the surface of the ellipsoid is characterized by the components

X; Xi
(n; = Rz,zeZ3)wherec— / f—o(22)% .
L

We write the condition that the normal components of the velocities ¢ and w A T be equal at the surface in the
form

> X, (00 .
Z RZ2 {67 — Xi420Wi41 +Xi+1wi+2} =0, i€Z; (2,5)
. [ l

The last condition must be satisfied over the entire surface. We can satisfy this relation by choosing as a solution
of the Laplace's equation the potential function in the form

D = Ziz=0 ®; = Ziz=oAiXi+1Xi+2» i €7 (2-6)

Where Al,i € 75 are constants. Substituting this function in its boundary conditions (2.5) we have

Z{ ( ) l+1<aq" e w')+Xl+1<6CD — X w.>}:0iez (2.7)
RZ ¢+1 aX1+1 2 aXl+2 e ' ’ '

l+1

he method of splitting the original problem into three simpler ones, is known as the method of superposition rule,
it can be used here since the differential equation and the boundary conditions involved in the problem are all
linear, so we can split our problem into three similar problem of an axially symmetric nuclei in the form of an

ellipsoid of revolution are rotating about an axis perpendicular to the symmetry axis like as was proposed by
Moszkowski (1957) [7-8], we have three of Laplace's equation

V2D, =0, (€17, (2.8)
And the corresponding solutions as follows

®; = AiXi+1Xiv2, 1€7Z3 (2.9)

Must satisfy the boundary conditions

(OCD) l+1(aq) T x )_I_ l+1(aq) _x )_0 €7 (2.10)
Ri2 0X; Ri2+1 0Xis1 2@ Ri2+1 0X;4 i+1@i ) =Y L 3 .
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Substituting from (2.9) in (2.10) we find the values of A;

R2 . — R?
A; = (M) w;, €L (2.11)
Riy1 +Ri,

We shall calculate the kinetic energy of the liquid in the rotating shell, this energy are equal to Y7, T; , where
2

P 2 P 2 Aiz 2 2 A; ~Tig .
n=5 [ adr =4 [ @ortdr = [ i + i =S5, e
T T T
This can be rewritten as

Am (Risa? — Riyz?)’ 1
( i+1 i+2 ) 2 — —hyd 2 i €7, (2.12)

1
_ W’ 2
5 (Ri®+Ri?)| + 278

Ti=5

2
It is apparent that the coefficient of wi/ o Is the hydrodynamical moments of inertia

~hvd _ Am (Ri+12 - Ri+22)2
' 5 (Ri+12 + Ri+22) ,

i € Zs (2.13)

After a tedious but straightforward derivation, one can simplify equation (2.13) by substituting from (2.2),
we deduce high accurate of the hydrodynamical moments of inertia

3 2r(i + 1) 5 2n(i+ 1)
~hyd 2 : X .
37" = EAm p*RZ,psin® (y — T) 1+p ’E cos <y ——3 | |i€ Z; (2.14)

The difference between equations (1.1) and (2.14) is that the latter is pointed out the third order of the
deformation parameter.

3. THE EFFECTIVE AND RIGID BODY MOMENTS OF INERTIA

In the unified model one assumes the nucleus as consists of an even-even core plus one or more nucleons
moving in the shell model (distorted shell model, that is the shell model potential is assumed non-spherical)
orbits of the potential produced by the core, and interacting with it (or them). The coupling of the external
nucleons with the core may be weak, strong, or intermediate.

As we move away from closed shells we may expect nuclei to show firstly some vibrational features
(associated with the change of the shapes of nuclei) characteristic of the motion of soft undeformed nuclei and
then rotational features characteristic of the motion of permanently deformed nuclei. The kinetic energy for
collective oscillations is given in terms of 8 and y by
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B .
T =Tyip + Tror = 22 ((ﬁ)zyz + (y)ZﬁZ) + 25. i’ (3.1)
- i
i

Where B, = AmRsph is the mass coefficient. The effective moments of inertia are given by equation (1.1).

In the case of an axially-symmetric (x, axis is an axis of symmetry) nucleus,y = 0 or y = the effective
moments of inertia are

Equation (1.1) can be rewritten as
4 2(i+ 1
37 = 3 msin <y - ien 3.2)

i ~3 2 9sym 3 L E
The rigid body moments of inertia of an ellipsoid of revolution with the same deformation (2.2) are

~Tig .
R ’ 5 2r(i+1)\]| .
@;‘ig = [1 -f i cos (y — T) 1 € Zsg (3.3)

Where‘””g —AmRsph is the moment of inertia of a rigid sphere of radiusRg,),.

4. RESULTS AND CONCLUSION
Recalling, the two expressions for the hydrodynamical moments of inertia (2.14) and the effective moments
of inertia (1.1), we can find the relation between them is given by the expression

3¢ . 5 2n(i + 1\ | |
<o +B |4 cos |y ——5—)| i€ L (4.1

L

However, the hydrodynamical moments of inertia computed in this expression are not equal to the effective
moments of inertia of the nucleus.
Amore systematic investigation can be carried out by adding the ratio (4.1) to the ratio (3.3), thus one writes

~hyd Srig

Si
+ =2,i €73 (4.2)
Sfff Sgtg

The relationship connecting of two terms have simple physical interpretation and so the formula gives a
useful representation of some overall nuclear properties of different moments of inertia.

We offer a simple demonstration by making a comparison of the investigated expression of the ratio (4.1) with
the ratio (3.3), we must assume that the first term in (4.2) is equal to unity (the hydrodynamical moments of
inertia coincide with the effective moments of inertia) this leads to the rigid body moments of inertia is coincide
with the moment of inertia of a rigid sphere which means that the nucleus not deformed that contradict with the
our assumption.
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For the axially symmetric shapes (y = 0 and S > 0), the nucleus is a prolate ellipsoid of revolution, with
semi-axes of lengths (R;),—o or y =m and g > 0, the nucleus is an oblate ellipsoid of revolution, with semi

axes of lengths(R;), -, the relation (4.2) can be rewritten in this case as

hyd i
G Dsym | G Dsym

S MNgm GEDsym

=2, i=0,1,

and

S Yeym = G N gym = (5D sym = 0, (4.3)
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