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Abstract

The main object of this paper is to study some properties of certain
subclass of starlike functions of complex order with negative coefficients
denoted by TS{,(5,,y) defined by a general integral operator in the open
unit disc and investigate its various characteristics. Further, we obtain
coefficient inequalities, extreme points, growth and distortion property and radii
of close—to—convexity, starlikeness and convexity for functions belonging to the

subclass TS{, (5, 5.,7) .
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1 Introduction
Let A denote the class of all analytic functions in the open unit disc

U={z €C:|z |<1},
given by the normalized power series

f(z):z+iakz", (z eV) (1.1)
k=2
where a, is a complex number.
For functions f A given by (1.1) and geA given by

g(z)=z2 +Z‘::2bkz “, we define the Hadamard product (or convolution) of f

and g by
(F *g)(2) =2 +Yabz".
k=2

The authors [1] and [2] introduce a general integral operator 37, f(z) which is
defined by means of a general Hurwitz Lerch Zeta function defined on the class
of normalized analytic functions in the open unit disc by using the similar
approach Srivastava and Attiya operator [7]. This operator is motivated by
many researchers namely Owa and Srivastava Alexander and many

others. as we will show in the following:

Definition 1.1 (Srivastava and Choi [4]) A general Hurwitz—Lerch Zeta function
d(z,s,b) defined by
0 7 k
d(z,s,b)= ) —,
( ) kZ::‘) (k +b)®

where (seC, beC-2Z;) when (|z|<1), and (R(b)>1) when (z|=1).
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Note that:

@ (z,s,b)=(°z2D(z,5,b))*f (z)=2 +Zﬁ z"

Owa and Srivastava [5] introduced the operator Q*: A — A, which is known

as an extension of fractional derivative and fractional integral as follows:

Q“f (2)=T(R-a)2°D (z)=1 +ZF(?&1§(20[)06)

where D/f (z) the fractional derivative of f of order « (see [6]).

kz (x¢#2,3,4,L),

For seC, beC-Z,, and 0<a<1, the generalized integral operator
(3¢,f):A —>A is defined by
3f (2)=TQ2-a)z"D;®'(z,5,b), (@#23,4L)

_, +ir(k +1)r(2—a)E b
i TI'(k+l-a) \k-1+b

Note that : 30, f (z)=f (2).

)Sakzk, (z €V).

Special cases of this operator includes:

e If(@)=Qf(z)=z+ ZF(;(E?I;(ZO[)“) az* is Owa and Srivastava
k=2

operator [5].

o I, f@)=d,f@)=z+ g(%)s a .z is Srivastava and Attiya integral
operator [7].

o If (2)=A(f)(z)= I: ftﬁdt =z +21k1akz ¥, is Alexander integral operators
[8].

o If(z2)=L(f)@) =23 jof (t)dt =z +§;[ki+ljakz < is Libera integral
operators [9].

. 3 a+1 t“f (t)dt =z +Z(a+1j az*, a>-1, IS
kK +a

Bernardi integral operator [10].
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o I ,f(z)=1F(z)=12 +i(ki+lj a.z“, is Jung— Kim- Srivastava integral
k=2

operator [11].
It is easily verified from the above definition of the operator 37 f (z)
that:
z(3¢,,F (2)) =(1-b)3¢,,f (2)+bT,f (2).

Making use of our operator, we introduce a new subclass of analytic
functions with negative coefficients, and discuss some properties of geometric
function theory in relation to this subclass.

For (-1<6<1), (8>0) and (yeC-0) we let S7 (5,8, be the
subclass of A consisting of functions of the form (1.1) and satisfying the

analytic criterion

g)14 22O @5l gy 129,00) g, ), (1.2)
/4 ‘Ss,bf (Z) % ‘Ss,bf (Z)
We further let
TS (0. 8,7)=85,(8,B.7) T,
where
T ::{f cA:f(2)=2-3 |a, |2 wherea, >0, forall kzZ}, (1.3),
k=2

is a subclass of A introduced and studied by Silverman [12]. By given some
specific values to «, g, ,6 and s in the class TS/ (5,3,y) we obtain the

following important subclasses studied by various researchers in earlier works.
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1- For s =4, a=0 we obtain the class of functions f satisfying the condition

m{“lz(\]b"f ) _5}2ﬂ‘1+3z3bﬂf '(z)_q
y 't (@) y It ()

studied by G. MURUGUSUNDARAMOORTHY and K. UMA see [3]

2—-For s=a¢=4=0, §=1 and y=b we obtain the class of starlike functions

of order b satisfying the condition

sn{ulz(f (2)) —1}20
b f(2)

studied by Nasr and Aouf see[2]
3—-For s=a¢=4=0, §=1 and y =1 we obtain the class of starlike satisfying

the condition

a2 @],
f@) |°

studied by Alexander see[3].
The main object of this paper is to study some usual properties of the
geometric function theory such as the coefficient bound, extreme points, radii of

close to convexity, starlikeness and convexity .

2 Coefficient Inequalities

In the following section, we obtain coefficient bounds for the class
TSZ, (5, B,7) that shall be used in the next theorem.
Theorem 2.1 Let the function t be defined by (1.3). Then TSZ, (3, 8,y) if
and only if
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=)
k -1+b
The result is sharp for the function
f (Z):Z _ (1_5)+|7|(1_ﬂ) k. (22)

[(k+|y|>(1—ﬂ>—(ﬂ—5>](r(§(fﬂ(_2;)a)J i)

la, [<(1-8)+|y1@-p.  (2.1)

STk +17 D) —(ﬁ—a)](“k +1>F<2—a)j

'k +1-a)

Proof: Assume that the inequality (2.1) holds and let |z|<1. Then by

hypothesis, we have

v {“ 1235,f@) 5}_ ﬂ‘H 125, 0) 4 |
7 510 o)

We note that

| 0-0)-Sk-o "D | (L0 T 12

1 r(k+1-a) k-1+b
71 &(T(k+1)I2-a) b Y -

J 2;( rk+1-a) jl (k—1+bj g |2

2 Ik+1)I2-a) b Y -
g1t kzz;‘(k_l)( r(k+1-a) j |(k—1+bj el 127

7l &(Tk+Dr2—-a) b Y .
1_;( Ik +1-a) j'(k—u &l 1=

which implies

8 F(k+1)lQ2-a) b Y
i(1—5)—;&—5)( () al

|71 =(T(k+1)C2-a)
1_é( rk+l-a) j' (k 1+ b)l 3|

190



Subclass of Starlike functions of complex order defined by a generalized Srivastava —Attiya operator

2 r(k+)rQ2-a) b\
1 é(k‘l)( T(k+1-a) j'(k_“b) | [a]

7l w[r(?ﬂ)r(z—a)}( b js| N
= (k+1-a) k-1+b

pl1

>0,

that is,

la | <(1=-6)+[7I(1-45).

i[(k+ | 7| )(1—ﬂ)_(ﬁ_§)](r(k +1)F(2—0!)J

I'k+l-«)

=]
k—-1+b

Hence,f €TS¢, (5, 5.7).

In order to prove the sufficiency, assume that TS’ (5, 3,7).

. {1+ 12(S5,f @) .

y  3f(2) _5}218

123,f'(2)
Y S?,bf ()

L& o[TREDR-a)) b Y. .
. 1+£Z(1 9= 2 (K 5)( Tk +1-a) j(k—l+b} %?

y , _i(l‘(k +1)r(2—a)J( b ) az"
o 'k +1-«a) k -1+b

i(k ) 'k +)rQR-ca) ( b j 87"
,Bl—lk:z 'k +1-«) k —1+b
/4 Z—i 'k +Dr2-o) ( b ] 82"
= Tk +1-a) k -1+b
If we let z »1" along the real axis, we have

, @-0-S - DN 0T i g
k=2 >

Y Fk+l-a) )'\k-1+b
|71 = (T(Kk+DI(2- b Y\ .
13 TR ) |[ )| 8| 12
=\ I'k+l-a) k—1+b
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Y rk+1)T2-a) AN
_ik;(k_l)( Ik +1- ) ]'(k—hbj | la | ‘
7] S(Tk+1)r2-a) b Y -
1_;( F(k+1-a) jl(k—1+b)| EN ‘

The simple computational leads the desired inequality

=]
k—1+b

Remark In the special case ¢=0and b =b +1, Theorem 2.1 yields a result

AL

|8 [<(1-0)+|7[(1-5) .

r'k+H)r2-a)
I'k+l-«)

k- 7I)(1—ﬂ)—(ﬁ—5)](

given earlier by [12].
From Theorem 2.1, we obtain the following corollary.
Corollary 2.2 Let the function f be defined by (1.3) and f €TS2 (5,5.7)
then
(1-8)+]71(A-B) (=2)

[(k+] 7 D(AL~B)~ (B 5)] F(?fkliifz;)a) |(k —2+bj |

with equality only for functions of the form (2.2).

|3 <

3 Extreme points
We state and prove the following theorem.

Theorem 3.1 Lef f (z)=2z and

(1-9)+|y1(1-p) 2, (k 22).

[(k+|y|)(1—/3)—(ﬂ—5>][”ﬁ(ﬁlﬁ(_2;)“)]‘(k _LJ

f@2)=z-

Then f s in the class TS¢, (5,,7) if and only if it can be expressed in the

form
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f(2)=Smf, @) (3-1)

where @ >0 and Zlea)k =1.

Proof: Suppose f can be written as in (3.1).Then

f(2)=Yaf, @)

= of,@)+ Yot @)
:a)lfl(Z)+ia)k Z— (1_5)+|z/k| (1_)ﬁ() ) b s Zk
= 'k +1)I'2-a
[(k+|y|>(1—ﬂ)—(ﬂ—5)][ Tk +i-) j(k_m,]
:C()lz +ia)kz - ia)k (1_5)+|g(| (1]3ﬁ()2 ) b S Zk
k=2 k=2 I'k +1)I'(2—«
[(k+|y|)(1—ﬂ)—(ﬂ—5)][ K@) j(k_m]
=[iwka— S (1-)+1710-B) ¥
= = 'k +1)CQ2-a) b Y
[(k+|y|)(1—ﬂ)—(ﬁ—5)]( Tk ) j(k_m}
N (1-0)+171(1-p) 2 |

(c5s)
k —1+b

[(k+]y |)(1_ﬂ)_(ﬁ_5)](l“(k +1)F(2_a)J

'k +1-a)
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f)=2-Ylz* =2 -, d=0)+1r[d=-5) z",

= b p-g-on KD A0

so that
a|=a, (1-9)+|y|(1-p) (3.2).
Tk +1)2-a) b Y
[(k+|7|)(1—ﬂ)—(ﬂ—5)]( Tkl J[k_m,]
Since
Sa =1-a, <1,
therefore
rk+1)C2-a) b Y
i _i[(k+|yl)(1—ﬂ)—(ﬁ—5)]( Fk+l_a) Mk—ubJ
T o (1-0)+171A-p) “
y (1-0)+lr1(1-5) ,
'k +1)I(2-c) b Y
[(k+|7|)(1—ﬂ)—(ﬁ—5)]( Mk +1-a) j(k_“bj
I'k+1)L2-«a) b Y
_w[(k+|7|)(1—ﬂ)—(ﬂ—5)]( Mk +1—a) j(k—1+bj .
"2 A=)+ 171a-7) o<1
That is

la, [<(1=6)+|7[(1-25).

i)
k —1+b

Then (2.1) holds. Thus f TSZ (5, ,7), by Theorem 2.1 (Sufficiency).

STk +17)(1- ) —(,8—5)][r(k +1>F(2—a)j

'k +1-«)

Conversely, assume that f defined by (1.3) belongs to the class
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TSS, (5, B,7). Then by using (3.2), we set

[(k+|y|)<1—ﬂ)—(ﬂ—cs)][r(k”)r(z‘“)j‘( b j

I'k+l-«) k-1+b
o, = ] (k=2)
@)+ 171-A)
and @ =1->" o,
Then
f@)=2-Yla,|z"
s 0,[1-6)+171(- B ,
G +|y|)(1—ﬁ)—(ﬁ—é)](”ﬁ&lﬁ‘_z;)“)]‘(k o)

=7 -Sulz -, @)

=z-Ywz+)of @)
k=1 k=2

:(1—2@ Jz +> of, @)
k=1 k=2
=wz +Y of, (@)
k=2

= a’lfl(z)"‘ia)kfk(z): ia)kfk(z )-

Thus the proof is complete.

4 Growth and distortion theorems

A growth and distortion property for function f to be in the class
TSZ, (5, B,y) Will be given as follows.
Theorem 4.1 Let the function t defined by (1.3) be in the class TS?, (3, B,7).

Then for |z|=r <1, we have
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- (1-8)+171(1-p) <)
[(1+|y|)(1—ﬂ)—(ﬂ—é)l(r(ﬁ)(g(_z;)a)J mbj

. (1-8)+171(1-4) .
[+ 71— 5) - (ﬂ—a)][r(?(g(_z;)“)j [15 b)

and

. 2[A-5)+1y1(1-p)] —r<ff @)
[+17D-A) _(ﬁ_5)](r(3)r(z_a)j (525

I'G—a)
2[(1-8)+1y1(1=-P)] ro (42
KM%7Daf¢n_(ﬂ_én[r@ﬂYZ—“fN;Ebj

'G-ao)
Proof: Since f eTS%,(5,4,7), andin view of inequality (2.1) of Theorem 2.1,

&)

<1+

we have

rRrE-a)
I'B—a)

> la

k=2

[(+[7 D(A=p) = (8-9)]

Ik +1)r2-a)

< Ytcrl - p) - (p-on - E A e
<-9)+1710-p) (k22
Then
$a < -9)+1710-5) s
‘ rerEe-q)

[(I+]7 D= )= (8 -0)]

&l

After the inequality obtained by (1,3) and (4.3), assume that |z |=r, in order

I'G-a)

to get the next inequality. Since
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o0

f@)=2-) la Iz*,

k=2
we have that

o0

z-Yaz"

k=2

<

2=

If @Iz l+z Y lallz "<
k=2

r+r) |a I
k=2

(A-=6)+1y1(1=5) 2

re-.
[+ 71— 5) - <ﬂ-5>][”§)(§‘_2;)“)) (ﬁb j

r+

So

If @) r-r*) la
k=2

(1-9)+1710-p) -
) e N Py

IrG-o)
f '(z)‘31+k22;k la, ||z |s1+2ré|ak <

r_

Further

" 2(1-5)+171(1-p)

ol

r,

i)

F@)=1-Dk 13 124 p1-2rY fa, |2
k=2 k=2

and
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. 2(1-0)+171(1- )

UNCR Sy

r.

%)

This completes the proof.

5 Radius of starlikeness and convexity

In the next theorems, we will find the radius of starlikeness, convexity and
close-to—convexity for the class TSZ, (5, 5, 7).
Theorem 5.1 Let the function t defined by (1.3) belong to the class
TSZ (5, B,y). Then £ is close—to—convex of order A, (0<A<1) in the disc
|z |<r, where

1
k-1

1=k +]7 DA-B) —(B-5)] F(lif&lll;(_z;)a) G _Lb )
F=ing K[A=5)+[7 (- B)]

The result is sharp, with extremal function f given by (2.2).
Proof: Given f <T and f is close-to—convex of order i in the
disc|z |<r if and only if we have

|z |<r.

For the left hand side of (5.1) we have

k-1

Then (5.1) is implied by

ZL la |z [ <1.
)

Using the fact that f €TSZ, (5, 8,7), if and only if
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(3s)
k —1+b

Ik +1)rQ2-a)
i[(kﬂyl)(l_ﬂ)_(ﬁ_&)] rk +1-a)

k=2 1-0)+|y1(1-p)
it follows that (5.1) is true if

la <1,

1-4 (1=8)+17[(1-5)
whenever |z |<r.We obtain

(i)
k —1+b

@-D)[k+|7 DA~ ) ~(B-5)] F(ﬁ&lﬁ(_z;)a)
ri=inf

ko2 k[(1-8)+]|7|(1-B)]

(i)
k—-1+b

This completes the proof.

Theorem 5.2 Let the function t defined by (1.3) belong to the class
TS, (6, B.7). Then
(1) f is starlike of order 4, (0<A<1) inthe disc |z |<r, thatis,

Sﬁ{w}>ﬂ, (z|<r,0<4<1]),

f(z)
where
Mk+)re-a)l b Y|
| AN ()
r:=
o2 [(@=3)+17 1= Ak 4)
f is convex of order 4, (0<A<1) inthedisc |z |<r, thatis,
m{l-l-Zf ”(Z)}>ﬂ” (|Z|<r,03/1<1),
f'@)
where
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(5
k-1+b

(L= DIk+7 DL B)~(B-5)] r(lii:klﬁ(-z;)a) |
r:=inf

k22 [(1=8)+]71(1=A)k=2)

Each of these results is sharp for the extremal function given by (2.2).
Proof: (1) Given f <T and f is starlike of order 4, in the disc |z |<r if

and only if

zf '(z)
f(z)

For the left hand side of (5.2) we have
dk-Dla| [z
k=2

1-> lal 1z[7
k=2

—1/<1-A,whenever |z |<T. (5-2)

2t'(z) <
fz) |

Then (5.2) is implied by

X g fzfo<t.

Using the fact that f eTSZ, (5, 8,») if and only if

el p)-(p-an - [ )

kZ:; [(1=6)+[71(1-5)]
(5,2) is true for every z in the disc |z |<r if
Tk +1)0(2—- ) ( b ]
k—-1+b

(ts)
k—-1+b

la, [<1.

- |k_l<[(k+|7I)(1—ﬂ)—(ﬁ—5)] i)
—|Z] =

1-2 [(A-8)+]7|(1-p)]

Thus

A=-Dlk+]yNA=p)=(B-5)] F(lli&lﬁ(_zo:)a)
r:=inf

k=2 [(1=6)+[71(1-Bk-4)

=)
k—-1+b

200



Subclass of Starlike functions of complex order defined by a generalized Srivastava —Attiya operator

This completes the proof.
(2) Using the fact that f is convex of order 2 ifand onlyif zf '(z) is starlike
of order 4, we can prove (2) using similar methods to the proof of (1).
Remark In the special case ¢ =0and b =b +1, Theorem 2.1 yields a

result given earlier by [12].

6 Conclusion
The work presented here is generalization of work done by earlier
researchers. Further the research can be done by using fractional calculus

operators for this class.
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