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Abstract

This research aims to find numerical solution of first order initial value problems using
Euler and Taylor methods, and comparing the solutions by using the Java language.
There is an example in the literature where solutions obtained manually are compared
with results obtained using a method based on programming in Java. Initial results
indicated that the use of the Java language helped to obtain more accurate results for
solving this type of equation with the least error rate and the fastest possible time. This
study recommends the use of various mathematical programs to help both the student
and the teacher solve most mathematical problems in a faster and less errors way.
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1 Introduction

Ordinary differential equations (ODEs) can describe phenomena that undergoing change. It used in
dealing with many problems in various aspects such as physical, engineering and biological
sciences, in addition to their contribution to the study of mathematical analysis and economic
sciences, etc [1], [2]. To understand these problems, it was necessary to solve these differential
equations, but it is not easy to solve all differential equations by analytical methods or even
approximate methods by form of the solution on an infinite series, when failure to obtain its accurate
or approximate solution [3]. There are many advanced solution methods, including the analytical
method and the numerical method [3].

However, in many applications a solution is determined in a more complicated way to obtain the
analytical solution for of (ODEs) [6]. Therefore, the simplest numerical method for solving these
complex problems is called Euler’s method [1], [7]. Many studies work on numerical solutions to
approximate the solution of ordinary differential equations with initial value problems (I\VP) in order
to obtain high accuracy solution. These studies using numerical technique, such as Taylor’s method,
Euler’s method [8], [9], [10], [7], [11], [12], [13], [14].

In most cases of the (ODEs) problems is complex to find an exact solutions or even approximate
solution by hand: an efficient reliable computer simulation is required [2]. With the technological
development, most of the solution methods can be simulated using different software to appropriate
for high accuracies. Different programming languages have been used to implement Euler's and
Taylor's methods for numerous purposes. For example, the study of [15] has estimated and
developed Euler pole parameters using MATLAB. As a result, this developed the Euler pole
calculator software by using mathematical algorithms. Another study by [16] has improve the Euler
number computing algorithm using MATLAB and it shows that the applied method outperforms
significantly conventional Euler number computing algorithms. The research by [17] has studied a
solution of Euler's an inviscid compressible fluid mechanics problem in two different ways, the
solution produced using FORTRAN as well as MATLAB. After that, both solutions have been
compared when both programs were initialized in the same technique, both solutions are it
qualitatively were founded. A method using MATLAB presented in study of [18] to generate,
present and manipulate Taylor series expansion by using matrices is. This method gives algebraic
manipulation as well as differentiation in a very intuitive way to experiment with different numerical
schemes with manual errors free. With many programs will save the time and effort required to
calculate it [22] [6]

Maple is another program language that is useful for solving Taylor series method to solve ODEs
numerically as announced in [19]. This study results some numerical tests for systems of equations
through employing Maple. Mathematica program is also has been used to solve Taylor series. In
particular, the study of [20] has found solutions to class of ODEs upon Mathematica codes and
compare them with other existing techniques.

This paper will describe the solution of linear ordinary differential equation using numerical analysis
(numerical methods) by Taylor's method (Taylor series), the Euler method to find an approximate
solution to such equations [3], [21]. Java language, was used in the numerical solution of differential
equation to facilitate the solution. Thus, this research will compare the result that introduced by
using java language to the measured results and find the error value.
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In practice, this research will contribute to giving an initial idea to undergraduate students and those
interested in studying numerical solutions of liner differential equations on how to use the Java
language to find numerical solutions to linear differential equations using Euler’s method and Taylor
method with the least possible errors. It also highlights the importance of different software
applications of research mathematics to solve many of the various life problems in various fields.

2 Research problem

The differential equations are important in general and their close relationship with other sciences
and engineering as well as economics, social science, biology, business, health care, etc [1]. Many
mathematicians have studied the ordinary differential equations (ODEs) and developed several
solution techniques. Often, some of the purely analytical solution to these equations is not
controllable and it takes long time and great effort [22], [26], [27], [28]. However, the computer
simulations and numerical methods for these equations are useful. Researchers faced many errors
and a long time in solving the Euler method arising from the Taylor series. The techniques used in
this paper based on numerical approximations developed using Java programming to avoid these
errors and solve them in the least time possible.

3 Preliminaries

In this section we present a theoretical background on ODEs. First, we will review some basic
concepts such as ordinary differential equations, linear differential equations, analytical solution,
numerical solutions, the initial value problem, Taylor series, Euler's method, the total error and Java
language. There is an example that illustrate the solution of ordinary differential equations using
error approximation along with algorithms and practical implementation programs that are built into
the Java programming environment. The use of Java program allows the student to compare the
solutions and focus more on the concepts and less on the programming as well.

3.1 Ordinary Differential Equations (ODEs)

An Ordinary Differential Equations (ODEs) can be defined as a relation among an independent
variable x, unknown function y(x) of that variable, and certain of its derivatives. The most general
form which an ODEs may assume is therefore F(x,y,y’,...y™) = 0 . The objects that satisfy the
equations are functions called solutions or integrals of the differential equations

y = g(x,cq,Cy, ...cy) Where ¢, is constant, [4], [5]. In this paper we will discuss the first order
differential equation that has general form % = f(y,t), where % means the change in y with
respect to time, f(y, t) is any function of y and t.

3.2 Linear Differential Equations

A linear differential equation is any differential equation that can be written in the following form.

> s <
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an Oy ™) + any @YV + -+ a; Oy’ () + ap (O() = g(b)

Where the coefficients a, (t),a,—; (t),a; (t),a, (t), g(t) can be zero or non-zero functions,
constant or non-constant functions, linear or non-linear functions. However, there are no products
of the function, y(t), and its derivatives and neither the function or its derivatives occur to any
power other than the first power. Also, neither the function or its derivatives are “inside” another
function [1], [5].

3.3 Analytical solution

There are diverse solution techniques for the (ODES) for instance, it can use methods that contain
analytical integration for problems of separable variables. Some equations are complex to solve and
require more unwieldly techniques, however, for some linear ODEs there are no general methods
and they have no analytical solution [31].

3.4 Numerical solution of initial value problems IVP

Some of ODEs have an analytical solution that is complex or do not have it, for these two cases it
IS necessary to implement numerical methods that approximate the response with a small margin of
error. To find an approximate solution to the ODEs [32]. numerical methods for ordinary differential
equations are methods that are utilized to find numerical approximations to the solutions of (ODES),
through this research, Euler's method will be applied to find out the solutions [24].

3.5 The initial value problem (IVP)

The initial value problem (IVVP) consists of an ordinary differential equation with an initial condition

a
Z=fY), tSt<t,, ylt) =y

3.t Taylor series to solve (ODEs)

The Taylor series allows to obtain local approximations for a function around a point, in terms of
the function and its derivatives of higher order. The IVP provides the first derivative of the function,
solution of the differential equation and the coordinate of a point that satisfies the solution. Taylor
series theorem states that if a function y = f(t) with all its derivatives about a point a are continues
where t € [a, b], then f(t) can be expressed as in [25]:

1 1 1
f@O=f@+-af'@+5E-af"(@+5E-a’f"@++— (- a)"f"(a)
+ R, (t, ), ' ' '
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where the R,(t,a) isgivenby R, (t,a) = (nil)' (t —c)™f™1l(a) c € [a,t]
3.7 Euler's method

Euler's method is the simple numerical method for solving the first-order initial value problem. It is
resulting from dropping terms of second and higher order of the Taylor series to obtain approximate
solution value [32].

We divide the interval [a, b] into N equal subintervals, with step size h = b%a

t;=a+ih , i=01,..,N
Given the initial data t, and wy, and the step size h. Fori = 0,1,...,N — 1

Wiy1 = w; + h f(t;ow;)

Where a numerical function w(t) corresponds to the analytical solution function y(t).

3.8 Taylor's method of order n

Assume that w, = a, where «a is a constant, the formula of Taylor method is given by

Wisr = w; + hT®(t;, w;) , where i=01,..,N—1, t;=a+ih ,h="2,
a=ty,ty,ty ...ty =b, TW(t;,w,) is Continuous and differentiable function
T, wy) = Flte, w) + 2 (6, w) + -+ FOD (e, wy),

The analytical solution function y(t) corresponds to a numerical function w(t).

A continuous approximation to the solution y(t) will not be obtained; instead, approximations to y
will be generated at various values, called grid points, on the interval [a, b]. Therefore, the smaller
the value of h, the smaller the error ratio between the analytical and numerical solution.

3.9 The total error

The total error is the difference between the computed value w; and the true value y; [23].

>[w <
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3.110 Solve equations using Java

The Java language is one of the very modern languages in the world of programming, and Java is
distinguished by having many tools that help in writing programs. Java language may be
introduced as a programming language that is similar to C** program and it is considered to be
an improved edition of it, the program written in Java can be moved and run on another computer
that has an operating system different from the first computer without problems [29]. As shown
in the study of [30], java program is one of the software that can be used for solving ODEs. In
addition, this study has compared the results of java to the results of Matlab as well. During this
study, java program will be used to compare the results generated from Euler’s method of solving
ODEs.

4 Test problem

Here is an illustrative example for solving linear differential equations based on Taylor’s method
of the first orders (Euler’s method), second and fourth order Modified Euler's method numerical
approximations within the context of undergraduate study are investigated. (Atkinson, Han, &
Stewart, 2011; Douglas and Burden,1993). We will use the algorithms that are built into the Java
programming environment and will solve the same example to clarify that the Java program was
faster and help in reducing numerical errors resulting from repetition of values when solving
linear differential equations using Euler and Modified Euler's method. The initial value problem
equation

y'=y—-t*+1,N =10,
y(0) =05, 0<t<2,

We will apply Taylor’s method of the first orders, second and fourth order and Modified Euler's
method to obtain approximate value of y and compare the numerical solution obtained with the
exact solution.

e Solving by using the first order Taylor method (Euler method)

In this exemple, we have f(t,y) =y —t?+1, with h=02,i=0,1,..,9 , t; =0.2i
tO =0 y Yo = 05

ty =to+h=0.5 ,y;, =y, +hf(ty,yo) = 0.5+ 0.5[0.5 + (0)? + 1] = 1.25
t,=t; +h=1.0 ,y, =y, + hf(t;,y;) = 1.25 + 0.5[1.25 + (0.5)%? + 1] = 2.25
ty=t, +h=15 ,y; =y, + hf(ty,y,) = 2.25+ 0.5[2.25 + (1)? + 1] = 3.375
ty, =t; +h=20,y, =y; + hf(t5,y;) = 3.375 + 0.5[3.375 + (0)? + 1] = 1.25
flti,w) =w; —t7 +1

wo =05, wiq = 1.2w; —0.008i% + 0.2

The analytical solution to the equation is y(t) = (t + 1)? — 0.5 e¢
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All the approximations and their errors are done by Java program and shown in table 1.

When we plot of the numerical solution and exact solution, we note that the error grows as t
increases. The approximations become more accurate as the step size h =0.2 gets smaller (see the
figurel and figure2 below). However, the approximations become more accurate as the step size h

gets smaller such as an example of h=1/10,h=1/20,h=1/50.

Figurel: step size h =0.2 Figure 2: stepsizeh=1/10,h=1/20,h=1/50

e Solving by using the Taylor’s method of second order

fy@)) =y —t*+1

file,y®)=y'@®-2t=yt)—t>?—2t+1
Therefore, the second order Taylor’s method is
TO(t;,w) = (1+2) (w; — 7 + 1) — ht;
h=02,¢t,=02i ,i=012..,9

wy = 0.5

Wity = w; + 0.2 [(1 + 02—2> (w; — 0.04i2 + 1) — (0.041)

Wis1 = 1.22w; — 0.0088i2 — 0.008i + 0.22

The first two steps give the approximations

y(0.2) ~ w; = 1.22(0.5) — 0.0088(0) — 0.008(0) + 0.22 = 0.83

y(0.4) ~ w, = 1.22(0.83) — 0.0088(0.2)2 — 0.008(0.2) + 0.22 = 1.2158

All the approximations and their errors are done by Java program and shown in table 1

e Solving by using the Taylor’s method of fourth order

fy@) =y —t*+1
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fit,y@®)=y@®) —t?-2t+1
F(t,y(®) =y(t) — 2 =2t — 1
£, y@®) = y() —t2 -2t — 1

h h2 3
TO(t; ,wy) =Wl-—tl-2+1+§(wi—ti2 —2ti+1)+z(wi—ti2—2ti—1) +-2

—2t;—1)
This is the numerical solution of the fourth order
wis1 = 1.2214w; — 0.008856i% — 0.00856i + 0.2186
The first two steps give the approximations as following
y(0.2) ~ w; = 1.2214(0.5) — 0.008856(0)% — 0.00856(0) + 0.2186 = 0.8293

y(0.4) ~ w, = 1.2214(0.8293) — 0.008856(0.2)% — 0.00856(0.2) + 0.2186
= 1.214091

All the approximations and their errors are done by Java program and shown in table 1. The
analytical solution to the equationis  y(t) = (t + 1) — 0.5 e¢

(w; — t}

When we plot of the exact solution, Euler, the second order and the 4th-order of Taylor method,
(see the figure 2 below) we note that the 4th-order Taylor method generates very accurate
approximation at the x = 0.2,0.4,0.6, ...,1.8,2.0

Figure 3 the exact solution, Euler, the second order and the 4th-order of Taylor method

e Solving by using Java language

Euler's method is easily completed by hand but it takes longer time; however, the complication
derives from the amount of values and calculations one has to make to get possible close to the
real values. Consequently, approach of a computer's programs such as Java has been taken for
making the calculations to solve problems faster. We will be solved the problem numerically
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using the Java language. To create the program using the Java language, the researchers divided
the program into different functions, including creating arrays, the numerical and analytical
equation for the differential equation using Euler algorithm, and the equation of the absolute error
ratio between the two solutions.

This program has the advantage that to solve a different linear differential equation you do not
need to modify the code on it, only the equations that we want to solve and the number of periods
will be changed according to the given equation. Figure 1 shows using Euler algorithm to solve
it by Java program.

For{i=0,i < N,it"}

If (a<t:<b)

]

Wis1 = wo+ h(t, w)

1]

nd

Figure 4 Euler algorithm to solve it by Java

Euler’s method is easy and faster to implement on Java which generate a table of numerical
solutions to the initial value problem allowing us to write a code for the Taylor series and we will
change the inputs and the equations every time that. The inputs should contain, function f,
endpoints of interval a and b, initial point x., y. , the number of partition N or the step size h. It
will calculate the approximate solution values y,, y,, ..., Vy.

As a result, from Java program, table (1) indicates that the smaller the h value, the smaller the error
percentage. Note that the error grows a little as the value of t increases. This controlled error growth
is a consequence of the stability of Euler’s method, which implies that the error is expected to grow
in no worse than a linear manner. The values of the derivative, decrease as we continue further on

> e <
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If we compare the results of Taylor’s method of second order and fourth order, we will see that the
fourth-order results are vastly superior. The results from Table 1 indicate the Taylor’s method of
order 4 results are quite accurate at the nodes 0.2, 0.4. Furthermore, the approximate values are
similar to the exact values up to three decimal places. As you can see from the table Euler's method
gives us the solution to a differential equation, but it gets heavy on the calculation side, and since is
not completely accurate, we leave this technique as a tool at hand to problems we cannot obtain an

Table 1 a result, from Java program, for the approximations and their errors

ti

Euler

wi

Exact

yi=y(ti)

|yi — wi|

Taylor
Order 2

wi

Error

| y(t)— wi]

Taylor
Order 4

wi

Error

| y(t)— wi]

0.0

0.5000000

0.5000000

0.0000000

0.5000000

0

0.5000000

0

0.2

0.8000000

0.8292986

0.0292986

0.8300000

0.0007014

0.8293000

0.0000014

0.4

1.1520000

1.2140877

0.0620877

1.1258000

0.0017123

1.2140910

0.0000034

0.6

1.5504000

1.6489406

0.0985406

1.6520760

0.0031354

1.6489468

0.0000062

0.8

1.9884800

2.1272295

0.1387495

2.1323327

0.0051032

2.1272396

0.0000101

1.0

2.4581760

2.6408591

0.1826831

2.6486459

0.0077868

2.6408744

0.0000153

1.2

2.9498112

3.1799415

0.2301303

3.1913480

0.0114065

3.1799640

0.0000225

1.4

3.4517734

3.7324000

0.2806266

3.7486446

0.0162446

3.7324321

0.0000321

1.6

3.9501281

4.2834838

0.3333557

4.3061464

0.0226626

4.2835285

0.0000447

1.8

4.4281538

4.8151763

0.3870225

4.8462986

0.0311223

4.8152377

0.0000615

2.0

4.8657845

5.3054720

0.4396874

5.3476843

0.0422123

5.3055554

0.0000834

5 Conclusion

In this study we have considered the Taylor methods to approximate the solutions to initial-value
problems for ordinary differential equations. The Taylor methods were considered as
generalizations of Euler’s method. They were found to be accurate but unwieldly because of the
need to determine extensive partial derivatives of the defining function of the differential equation.
It requires a lot of time and effort with the possibility of making mistakes, given the length of the
solution steps. Therefore, the use of different programming languages helps in avoiding this type of
error while saving time in the solution. The researchers concluded the following: The percentage of
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error between the analytical solution and the numerical solution decreases with our use of Euler and
then in Taylor methods. Also, the use of Java programming reduced the proportion of numerical
errors resulting from repetition of values when solving normal differential equations using Euler’s
method was in an easier way and in the least possible time.

6 Discussion

The Java language was used primarily due to the deficiency of references for solving differential
equations in this language, in Libya. Given the importance of modern technology, the Department
of Mathematics at the Faculty of Education in Benghazi was interested in integrating the theoretical
study of mathematics courses, especially in the differential equations course with practical
application using different programming languages. This enables the student studying in this
department to make a comparison between the analytical solution and the numerical solution for the
same problems and compare them in terms of accuracy and speed, which makes it easier for the
student to understand and comprehend. With this approach, graduates of the College of Education,
Department of Mathematics, can use modern technical means in learning and teaching mathematics
in schools to facilitate and understand the scientific material. Also, this link between mathematics
and the various means of technology will help in changing the traditional view of mathematics from
abstract theoretical studies to practical applications; and it will facilitate for student students to grasp
mathematical concepts in a sensory way.

7 Recommendations

This study recommends paying attention to research and studies in mathematics using various
programs such as Java and other programming languages that would help in the speed of solving
several mathematical problems. It also recommends providing computer laboratories for the
specialization of mathematics to develop the study of mathematics using modern technological
methods to keep with modern scientific development. In addition, this study may encourage students
of the Department of Mathematics and other scientific departments to use programming languages
in general to solve various mathematical equations related to their field. In addition, it may inspire
students applying different programming languages such as Java and ready-made mathematical
programs such as Matlab, Maple and Mathematica in some mathematical courses for students of the
Mathematics Department of the Faculty of Education in Benghazi.
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