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Abstract

In this paper, provided the existence and uniqueness of solution to
impulsive semilinear fractional integro—differential equations by using the
fractional calculus.

This work initiates new avenues for obtaining numerical solutions of
impulsive fractional integro—differential equation.

The paper is organnized as follows.

The first section gives the Introduction and recalled the
definition of the Caputo fractional derivative and Riemann-Liouville integral
in section 2.

And in section 3 studded the existence of solution to Semilinear
Evolution problem.
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1. Introduction

Fractional differential equations have recently been addressed by
several researchers for a variety of problems. The interest in the study of
differential equations of fractional order lies in the fact that fractional
derivatives provide an excellent tool for the description of memory and
hereditary properties of various materials and processes. With this
advantage, the fractional-order models become more realistic and
practical than the classical integer—order models, in which such effects are
not taken into account. As a matter of fact, fractional differential equations
arise in many engineering and scientific disciplines such as physics,
chemistry, biology, economics, control theory, signal and image
processing, biophysics, blood flow phenomena, aerodynamics, fitting of
experimental data, etc. [11, 17, 18, 19]. For some recent development on
the topic, see [3, 12, 13] and the references therein.

In [8, 10] the authors have proved the existence of solutions of
abstract differential equations by using semigroup theory and fixed point
theorem. Many partial fractional differential equations can be expressed
as fractional differential equations in some Banach spaces.[9]

Subsequently several authors [6, 15] have discussed the problem for
different types of nonlinear differential and integro—differential equations
including functional differential equations in Banach spaces. Numerical
experiments for fractional models on population dynamics are discussed
in [7, 16]. On the other hand, the theory of impulsive differential equations
has undergone rapid development over the years and played a very
important role in modern applied mathematical models of real processes
arising in phenomena studied in physics, population dynamics, chemical
technology, biotechnology and economics: see for instance the monograph
by Lakshmikantham et al. [14]. Benchohra and Seba [5] studied the
existence of fractional impulsive differential equations in Banach spaces.
Belmekki et al. [2] proved the existence of periodic solutions of nonlinear
fractional differential equations whereas (Ahmad and Nieto [1]) discussed
the existence results for nonlinear boundary value problem of fractional
integro—differential equations with integral boundary conditions. Recently,
the study of impulsive differential equations has attracted a great deal of
attention in fractional dynamics and its theory has been treated in several
works.[14 4]
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In this paper, motivated by [4], we prove the existence and
uniqueness of solution to impulsive semilinear fractional integro—differential
equations by using the fractional calculus and fixed point theorems. This
work initiates new avenues for obtaining numerical solutions of impulsive
fractional integro—differential equations the paper is organnized as follows.

Recalled in section 2 the definition of the Caputo fractional
derivative and Riemann-Liouville integral, and in section 3 studied the
existence of solution to Semilinear Evolution problem.

2. Preliminaries

In this section, we shall introduce some basic definitions, notations
and lemmas which are used throughout this paper.

Definition 2.1. Let f: R* — R be a continuous function on R*and
a = 0. Then the expression

1 t
I1§f(t) = —j (t—95)%1ds t>0
. Vo (@)
is called the Riemman-Liouville integral of order «.

Definition 2.2. Let f: R* — R. The Caputo fractional derivative of

order ¢ of f is defined by ’
1
Da = == = n—a-1¢n
£ f(t) F(n_a)jo (t—s) fr(s)ds t >0,

Where a € (n—1,n),n € N.

Let B(x) denote the algebra of all bounded linear operator acting
on a Banach space X. Now let us consider the set of functions

PC(LX) ={wl > X:u€ c((ty_y, te], X), k= 1,2,,m
and there exist u(t;), k = 1,2,-+, m with u(t;) = u(t,)}.

Endowed with the norm

Il ullpc= sup Il u(t)
tel
(PC(1,X), I'llp¢) is a Banach space, see [14].
3. Semilinear Evolution problem
Consider the linear fractional impulsive evolution equation

DEu(t) = Au@®) + f(tu(®) t#¢ 0<a<l
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Muleer, = Le(u(ty)) k=1,-,m

(3-1)
u(0)=uyeX

Where A(t) is a bounded linear operator on a Banach
space X, [;: X » X, k=1,--,mAnd u€X,0=¢t,<t; <t, <
e <ty < taq =T,

Aufeoy, = u(ty) — u(ty) u(ty) = lim u(t, +h) and u(ty) =
hlirgl_ u(t, + h) represent the right and lefl limits u(t) att =ty.

Definition 3.1. We mean an abstract function u by a solution of
Eq. (3.1) such that the following condition are satisfied

(i) u € PC(1,X) and u € D(A(t)) for
altel cI, j
(ii) ZTZ exists on [' where 0 < a < 1;

(iii) Satisfy Eq. (3.1) on I" and satisfy the conditions
Muleer, = L(u(ty)) k=1,-,m
(3-1)
u(0)=uyeX

Now, we assume the following conditions to prove the existence of
a solution of the Eq. (3.1).

(H1) A(t) is a bounded linear operator on X for each t € [ and
the function t — A(t) is continuous in the uniform operator topology and
there exists a constant M such that

M =max || A(t) |l
tel

(H2) The functions [;: X — X are continuous and there exists a
constant [; > 0 and p; > 0 such that

N L,(w)— L) IS Ly lu—v I and || I,(w) I< p; Il u || for each
u,veEX and k=12,---,m, and f:] X X — X is continuous and
there exists a constant L, such that

I f(t,w) —ft,V)ISL, lu—v| forall u,veEX.

a

For brevity let us take =Y.

r(a+1)
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Definition 3.2. Let a function u € PC(I,X) be solution of the
fractional integral

equation
u(t) = up + % [t = )% (A(S)uls) +
f(s,u(s)))ds
will be called a mild solution of Eq.( 3.1).
Lemma 3.3. Let f:] X X —» X be a continuous function and A be
a bounded linear operator. If u € C(1,X) is a mild solution of Eq. (3.1)

in the sense of Def. (3.2), then for any t € (ty_q,tx], Kk =1,--,m,
then Eqg. (3.1) is to the equivalent integral equation
t
u(x) = (a) 1f J (t — ) YA)uls) +
f(s,u(s)))ds

1

r( )f (t S)a_l(A(S)u(S) + f(s,u(s)))ds +
Qo<ty<t L(u(ty) (32

If ¢t € (ty, tisa]
Proof. Using Def. (3.2), we have
u®) =up +— f (t — ) HAG)u(s) + f(s,u(s))]ds tE
(0, tl];
leads to
u(ty) = up + = [t — ) [ASuls) +
f(s,u(s))lds
Since u(ty) = u(ty) + L (u(ty)) = u(ty) + I (u(ty)). then
w(t!) = g + = [ (6 — ) [ASuls) +
f(s,u(s)lds + I (u(tD)).
Moreover, for t € (tq, t,],
u(t) = u(t]) +—f (t ) HAGS)uls) +
f(s,u(s))lds
= ug + = [ (6 = ) ASIu(s) +
f(s,u(s))lds
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o f (= ) Al +
f (s, u(s)]ds + I (u(tD))
Fort =t, and t =t],
u(ty) = ug + s Jy (61 = ) [Auls) +
f(s,u(s)]ds
= [t = ) U AGuls) +
f(s,u(s)lds + I (u(tD))
Since  u(ty) = u(ty) + L(u(t;)) = u(ty) + L(u(t;))
Then
w(td) = g+ [t — ) LAGu(s) +
f(s,u(s)]ds
+ [t = TIAGUCS) + f(s,uls))]ds +
L (u()) + B )

Hence for any t € (t,, t5]
1 t -
u(t) = u(ty) + @ftz(t — S)* [A(s)u(s) +

f(s,u(s)]ds
= T(O)u, + % [t = )AG)us) +
f(s,u(s)]ds
+ [t = )TIAGS)uls) +
f(s,u(s)]ds
s [ (= ) AS)Us) + £ (s, uls))]ds
+1 (u(t))) + L (u(t))

By repeating the same procedure, we can easily deduceThat

u(t) =T®)uo + ﬁZo«k« fttkk_l(tk -
$)*HA(s)u(s)

+£(s,u(s))]ds + ﬁfttk(t —
$)*HAGuls) + f(s,uls))]ds

+ Yo<t<t Ik (u(ty))
Forany t € (ty_y, te], k=1,---,m.

134




EXISTENCE OF SOLUTION FOR FRACTIONALIMPULSIVE
INTEGRO-DIFFERENTIAL EQUATIONS

Theorem 3.4. If the hypotheses (Hl) and (H2) are satisfied, then
Eqg. (3.1) has

a unique solution on |.

Proof. The proof is based on the application of Picards iteration
method. Let

M = max || A(t) || and define a mapping
F: PC([0,T]:X) — PC(0,T]: X)

by
Fu(t) = up + — 1ft’ (t — s) [A(s)u(s) +
f(s,u(s))]ds
F(a)f (t — ) HA(S)u(s) +
f(s,u(s))]ds
+ Yo<tp<t Ik(u(tzi)) if t € (tg—1,tkl-
(3-3)

Let u,v € PC(1,X). Then from Eq. (3. 3) we have foreach t € |

I Fu(t) — Fu() 1< = i (’”“) M+L)Nu—vl
+mL; [u—vl.

Then by induction we have

I Fru(t) — Fru(t) II< (y(m+1)(M+L;)+mL,)

n!

I
u—vl.

Since (y(m+1)(M+L2)+mL1) < 1 for large n, then by well known

generalization of the Banach contraction principle, F has a unique fixed
point u € PC([0, T]: X).This fixed point is the unique solution of
Eq.(3-1)-
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