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ABSTRACT

This paper is devoted to employ the fixed point theorem of Krasnoselskii,
to show the existence and uniqueness of periodic solutions of the nonlinear neutral

differential equation

Lx(t) = — T, a(©) x() + 538, Q; (6.x(t — g(©)) + [2_ [T, Dyt 5) £(x(5)) + h(s)] ds +
G (t,x(t),x(t - r(t)))

By modifying the given neutral differential equation into an equivalent integral
equation using lemma (2.1). This is done by creating a suitable operators, one is a
compact and the other is contraction , which allow us to prove the existence of
periodic solutions. Also, we used the Banach fixed point theorem to guarantee a

unique periodic solution.

Key Words: Fixed Krasnoselskii’s fixed point Theorem, Nonlinear Neutral

equation, Functional Delay
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1. INTRODUTION

In the recent decades,the fixed point theorem was a power full tool to show
the existence and uniqueness of solutions in a widerange of mathematical issues.
Theorem of Krasnoselskii is one of the most interesting results which is introduced
by [8], the main idea of this theory is the blending between the Banach contraction
principle [2], Schauder’s fixed point theorem."which is produced by the famous
scholer [12], it has a big effect on the fixed point theory". Krasnoselskii theorem
has attracted many scientists and experts in this field.For a wealth of reference
material on the subject, we refer to [1, 3 ,4, 6,7, 8,10,11,12] and the references in

them.

This study is mainly inspired by the work of [9] in which they obtained adequate

conditions for the existence of periodic solutions for the equation

Sx(t) = —a(O)x() + 520, @it x(t — g(©))) + [1[D(t,)f (x()) + h(s)] ds,

by assuming a(t) is a continuous real-valued function.Taking into
consideration Q: RXR > R D:RXR->R,f:R>Rx:R->R and :R-> R
are continuous function, and to ensure periodicity the following assumption has been
made a(t), g(t), D(t,x) and Q(t, x)are periodic functions.with supposing C; be the
set of all continuous scalar functions x(t) , periodic in t of the period T.This paper

discusses the existence and uniqueness of periodic solutions of the form

Sx(t) = =TT, @i (®) x(0) + £ X0, Qi (.x(t = g(©) ) + [ [Ty DilE, ) F(x(5)) + A()] ds +
G (t,x(t),x(t - T(t))) (1.1)

BY assuming a (t) is a continuous real-valued function. Taking into consideration
Q:RXR->R D:RXR->RGRXRXR->R,f:R—->Rand h: R - R are

. . d .
continuous functions. The neutral term Ez?ﬂ Q; (t,x(t—g(t))) in Eq (1.1)
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produces non-linearity in the derivative term which is more general compared to the
neutral term provided in [9]. Also, Eq(1.1) contains a non-constant function g(t) as
the delay term unlike other studies,where they are dealing with constant delay. So we

provide a new conditions to construct the mappings to employ fixed point theorems.

The technique used in this paper is convert Eq(1.1) into an integral equation
which allow us to create two mappings and it is the requirement of the fixed point

theorem of Krasnoselskiiand this done in lemma(2.1).Thereafter, as shown in lemma

(3.2) and lemma (3.3) we proved that Az is continuous and compact. Bz is
acontraction.lt allowed us to apply the theorem of Krasnoselskii and grant us to proo
f the existence of periodic solutions. In the end, we show the uniqueness of the

periodic solution by using the contraction mapping principle.

The rest of the paper is organized as follows: section 2 provides the
preliminaries that will be used in the further sections, also it introduce lemma 2 which
transforms Eq (1.1) to an integral equation and section 3 the main results have been

presented.

2. Preliminaries

This section introduces some significant notations. We start by supposing that
for T > 0 define C; be the set of all continuous scalar functions x (t),periodic in t of

the period T . Afterwards (Cy ; ||. ) is a Banach space with the supremum norm
x|l = supceqo,mlxl
It is appropriate to assume the following conditions
a(t+T)=a(t) ,gt+T)=g(t)
D(t+T,x) =D(t,x)
Gt+T,x,y)=G(tx,7y) (2.1)

With g (t) being scalar, continuous, and g (t) > 0. Also, we assume that
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J) T, a(s)ds > 0 (2.2)
We also a assume that the function Q (t, x) is periodic in t of period T,

Q(t,x) =Q(t+T,x) (2.3)

As long as we are looking for periodic solutions, it is necessary to assume Q(t, x)and f (x)

globally Lipschitz functions. So for E; and E, are positive constants such that,

E410i(t, ) — Qu(t, »)| < Eyllx — v (2.4)
lf ) = fFW)I < Exllx =yl (2.5)

and,
1G(t,x,y) = G(t,w,2)| S Esllx —w || + Eully — z || (2.6)

Also, there is E5 , E,Such that,
f_too [1_,1D;(t, )| ds < E5 < oo, h(s) <E, (2.7)
Now, the following lemma helps to convert Eq (1.1) to an equivalent integral equation.

Lemma2.1. Let Q(t,x), D(t,s), a(t), f(t), x(t), g(t) and h(t) are defined as
above, then x(t) is a solution of Eq (1.1) if and only if

P
x(t) = Z Q: (tx(t— ()
i=1

t

-1
+(1_e—f0TH§’:1ai(k)dk) y J’ _
t_

T 4
u
t
.
t-T

P P
a;(t) Z Q; (u, x(u— g(u))) e—f: M a()dk gy,
=1 i=1

ds e” fli I, az(k)dkdu

14
[ [Piws) () +nesy

i=1

t—T - T | e_fullz—_ al( )d

Let x(t) € By be a solution of Eq (1.1). By writing Eq (1.1) as
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p p

“lio-Ya (t,x(t—g(t)))] - [ Jawxo+ |

D
[ [2i6.9) £(x()) + hsd | ds

i=1

i=1 —o0

G (t,x(t),x(t - T(t)))

Adding [T7_, a;(0) X1, Q; (t,x(t — g(t))) to both sides of the last equation ,we find :

p

p p
Clo-Ye (r,x(t—gcw))]:—l_[aict) [x(t) D tx(t—g(t))l
i=1

i=1 i=1

p

l_[al(t)ZQl Lx(t - g(©)) + f

i=1 —o0

G (£x(®),x(t - 1(®))) (2.8)

1_[ Di(t,s) f(x(s)) + h(s)]

i=1

Now , multiply both sides of (2.8) by efo 1404  then integrate from ¢ — T to ¢

,.we have

p
[x(t) - Z Q; (t, x(t — g(t)))l efotl'lf:lai(k)dk

i=1

oo Ty ai0ak

14
—[x(t—T)—ZQi (t—T,x(t—T—g(t—T)))

p

= ft; [—ﬁai(t)z (u x(u — g(u)) j

i=1 i=1 —o0

ﬂ Di(w,s) f(x(s)) + h(s) | d

i=1

G (u’ x(u)’ x(u — T(u))) efotl-[szl ai(k)dkdu

Now ,by dividing both sides of the above equation by eloT-%(% and due to the
fact that x(t) is a periodic function of period T and using Eq(2.1) and Eq(2.3), we
get:
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P
x(t) = Z Q; (t,x(t - g(t))) + (1 _ e—foTHip:lai(k)dk)_l

p

t 14
X U - 1_[ a;(t) Z Q; (u,x(u - g(u)))l o T a0k g,

i=1 i=1

u

|

—00

+ ft [G (u,x(u),x(u - T(u)))] e‘finf=1ai(k)dkdu

p

[ [P r6x) +re

i=1

ds e - LT =1 a(dk gy,

the proof is complete.

Now define a mapping P (t) by

p -3
(Pp)(t) = z Q; (t,(p(t - g(t))) = (1 - e-f(,Tl'Ii’:lai(k)dk) 4
i=1

t
XU _
=T G-1
t % P
|
t_T—oo i=1

1_[ Di(u,s) f(@(s)) + h(s)l ds e~ a0k gy,

p
Z u (p(u g(u)))]e fl—lp a()dk g,

e[ [ (oot )] Mo @9
t-T

We need to prove (P¢)(t) is a periodic function of period T for ¢ € By

p
(Pe)(t+T) = z Q; (t+ T, o(t+T—g(t+ T)))

i=1

T » -1 t+T P P top
+ (1 — el a"(k)dk) J- - 1_[ aj(u) Z Q (u, o(u- g(u))) e hullia®dk gy
t i=1 i=1

ds e’ I, a(dk gy

+ ftm J h_[ Di(ws) f((s)) +h(s)

Jt+T [ (u @), @(u~— r(u)))] T, a0k gy,

The first term by using Eq (2.1) and (2.3), we obtain :
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Q (t +T,0(t+T—g(t+ T))) =Q (t,(p(t - g(t)))

We putv =u —T in the second part, we have :

t+T p
e~ fvrr iz ai(dk gy,

o e | [ - , Y , _
(1 e kdk) ILT Hal(v+T);Ql(v+T,q)(v+T g(v+T)))

i=1

v+T

J.J

t
+ f [G (V +T,oev+T), cp(v +T—t(v+ T)))] e_f\:ﬁm;l a(dk gy
t=T

ds e~ harTla0dkgy

p
H Di(v+T,5) f((s)) +h(s)

i=1

Put k = L + T in the last equation ,we get

- T a(L+TdL gy,

" p p
(1 — e—ffTa(L+T)dL)‘1 If — 1_[ a;(v+T) Z Q; (V +T, (p(v +T—glv+ T)))
t-T

i=1 i=1

v+T

|

t
+ f [G (V +T,ov+T),@(v+T—1t(v+ T)))] e~ fyall+mdL gy
t-T

p

H Di(v +T,5) f((s)) + h(s)

i=1

ds e~ f‘fa(L+T)deV

By using Eq(2.1) , Eq (2.3) we have :

p

: p
J o I EC)NCRACE g(u)))‘ el @k gy
t-T

i=1 i=1

(1 — f(;rl'lﬂlai(k)dk)_l

ds e~ fl: Hf=1 ai(k)dkdu

" f:T f ﬁ D;(u,s) f(@(s)) + h(s)

—oo | i=1

+ ft [G (u,cp(u),(p(u - T(u)))] o= STl ag(dk g,
t-T

3. Existence and Uniquness of Periodic Solutions

This section presents the state of the fixed point theorem of Krasnoselskii a

nd uses this theorem to show the the existence of a periodic solution.
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Theorem 3.1. (Krasnoselskii). Let M be a closed bounded convex nonempty subset

of a Banach space (B, || . ||). suppose that A and B map M into M such that
(i) x,y € M, implies Ax + By € M«

(i) A is continuous and AM is contained in a compact set subset of M,

(iii) B is a contraction mapping.

Then there exists z € M withz = Az + Bz.

As theorem 3.1 states there are two mappings, one is a contraction and the

other is compact. Therefore, we will define the operator P: C; — C; as Eq (2.9)
and by rewriting Eq (2.9) as follows
(Pp)(©) = (Be)(t) + (Ap) (D),

Where A,B : C; — Cy are given by

(Bp)(®) = XL, Qit, o (t — g(®)) (3.1

And,
Ap)(t) = (1 e foTl'Ileai(k)dk)—l Jt N ﬁa-(u)zp: Q, (u (u- (u))) o ha T, ai(dk g,
®RD= . ) 2, Ulmele

i=1
u
t
]
t=T

— 0o

ds e alE, aitodk g,

p
[ [picws) (o) +he

i=1

+ ft [G (u, o), e(u— ‘t(u)))] e'f:mi1 ai()dk gy (3.2)
t-T

The goal here is to show that (B¢) (t) is contraction and (A¢) (t) is compact. The

analysis is introduced in these two lemmas

Lemma 3.2. If B is given by Eq(3.1) with E; < 1, and (2.4) hold, then B is a

contraction.

Proof. Let B be defined by Eq (3.1). Then for ¢,y € C; we have
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P
IBo — Byl = SuPte[o,T]|B(P - By| < E1supeefo,r] Z |Qi (t: ‘P(t - g(t))) —-Q; (tﬂ/)(t - g(t)))'

i=1

< Eilo — |

Hence B defines a contraction . As E; < 1 therefore B defines a contraction.

Before showing Lemma 3.3. It's appropriate to the following notations:
—_— T p a; —
T = maxtE[O,T] |(1 —e fo Hi:l l(k)dk) 1|’ p = maxtE[O,T] Hlpzllal(t)|7

— t p .
V = MaXye[t-1,¢]€ ullieg ectoak

Lemma 3.3. If A is defined by Eq(3.2), then A is continuous and the image of A is

contained in a compact set.

Proof. We will start by proving A is continuous we define A as Eq(3.2). Let ¢,y €
Cr,

for a given £ > 0, take & =§ with N = nyT[ pE; + E;Es + Es + E,]llo — ¥,
now for ||¢ — || < &, and by using (2.4) into Eq(3.2) ,we get

14y — Ayl < nyTIpE; + EzEs + Es + Ey]llp — 9l < Nllp —pll S N6 <.

This is show that A is continuous. The second step is showing A is a compact set
using Ascoli-Arzela's theorem [5] which states that for A c X, A is compact if

and only if A is bounded, and equicontinuous.

Let 2 ={p € Cr:|lpll <V}, where V is any fixed positive constant, from (2.4),
(2.5) we have,

2 p
D101 =) 10:(t%) ~ Qi(t,0) + Qi(t,0)

L

p
< > 106x) = Q601 +10,E 0]

l

< Eillx|| + @
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where a:’suptE[O,T] Z?:llQi(t: 0) |

In the same way,

If (Ol = 1) = £(O)
< 1f () = £(0)]
< E,|Ix|l.
And,
1G(t,x, )| = |G(¢t,x,¥) — G(£,0,0) + G(¢,0,0)]
< 1G(t,x,y) = G(t,0,0)| +|G(t,0,0)]

< Esllx [+ E4llyll

Taking into consideration, f(0) = 0 and G(t,0,0) = 0, let ¢, € 2 where n is

positive integer with L = nyT[ pE;(V + a) + E;EsV + E¢ + V(E; + E,)] ,L =0
Therefore,

p p
=] t
14gull = |(1 - e~ b et U o CIOORACTACE g(un)l o Mtk
=T = i1
ol o
| nDi(u,s)f(wn(st(s)lds e~ il
t_T—oo i=1
t -
[ [0 (w0n@pu(u =) e HME gy
t-T
T p R Y Ld P -
< max |(1 - e b Ml k) f —Hai(u) Qi (1 @a(u — g(w))) e ullizsailodkgy
te[o,T] T | <

dS e flf H?:l al(k)dkdu

p
> Dias) f(@u()) + s

u
t
)
t—T_DO —

t
+f G (u, 0n (W), o (u — ‘L'(u))) e’flinli[;lai(k)dkdul
=T
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<ny [— J:T ﬁDi (u,s) dul

<y | [ [oEs (lonll+5) + E;Esllpnll + Es + lpnll(Bs + E,)]du]

u

PEyllgnll + f

—00

[f(@n())] + 1h(s)]| ds + Esllgnll + Eallenll

S nYTLPE (l@nll+0) + EzEsll@nll + E6 + ll@nll(E3 + Ey)]

<nyT[pE,(V+ @) + E,EsV + Eg+ V(E; + E))] < L

This is showing that A is bounded. To prove A is equicontinuous we need to find
(Ap,)'(t) and prove that it is uniformly bounded. Therefore, after derivative
Eq(3.2) with using (2.2), Eq(2.3) we get,

(Agn)'(® = = T2, a:(8) A(en(®) — [, ai® X2, Qi (u @u(u — gw))
+ [T, it 9) f(@a(®) + h()] ds+ G (£, 0a(), ot — (D).

The above expression yields ||(A@,)'ll < Z where Z is some positive constant.

Hence, by Ascoli-Arzela's theorem A is compact.

Theorem 3.4. Suppose the hypothesis of Lemma 24. Let
O=SUD¢ [[0,7] Y0_11Q:(t,0)] and, suppose (2.1)-(2.7) hold. Let J be a positive

constant satisfying the inequality
o< +Ei] +yTIpE1(J + @) + E2Es] + Eg + J(Es + E))] <]
Let M = {p € Cr: |||l <J}. Then Eq(1.1) has a solution in M .

Proof: First of all, we will define M = {¢ € C;: |||l < J}, and by knowing that A
is continuous and AM is contained in a compact set. Also, the mapping B is a

contraction from lemma (3.2), (3.3) and it is clear that A, B: C; — C;. The aim is
showing that ||4, + By|| <J. Let ¢,9p € M, Let @, € M whit [lol|, [l <
J.Then

lAp + Byl < llAgll + lIBYl
We know from Lemma(3.3)that

IA@, |l < nyT[ pE1(l@nll+) + EEslln|l + Es + ll@nll(E3 + E4)]
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So, we get :
lA@ll + 1Byl < nyT[ pEs(ll@ll+) + E2Eslloll + Es + ll@ll(E3 + ED] + a + Ey[[§]]

This is proving all conditions of Theorem 3.1. Thus, there exists a fixed point z
in M. By Lemma 2.1, this fixed point is a solution of Eq(1.1). Hence Eq(1.1) has a

T-periodic solution.
Theorem 3.5. Let (2.1)-(2.7) hold if
< +E ] +nyT[pEi(J + @) + E;Ec] + Ec + J(Es + E,)] < 1
then Eq(1.1) has a unique T-periodic solution..
Proof. We define (Pg)(t) as Eq(2.9). Let ¢, ye Cy, inview of EQq(2.9) we have,
1Py || < [Ex+evT(pEy) + TEsEolllp — I

This completes the proof of Theorem 3.5.

Conclusion

The goal of this paper is to transform Eq(1.1) into an integral equation and
apply Theorem 3.1, which offers the existence of periodic solutions. Obtaining the
integral equation allow us to create two mappings, one of them is a contraction and
the other is completely continuous. In addition, by using the contraction mapping
principle enables us to show the uniqueness of the periodic solution which showing

in theorem 3.5.
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