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Abstract.

Let T be a periodic time scale. We study the following nonlinear neutral dynamic

equation with infinite delay

A

P t
xXB(t) = —a(t)x?(t) + Z Q (tx(t-g®)) + f (D(t,$)f (x(s)) + h(s))As,t € T
i=1 —®

by using a fixed point theorem due to Krasnoselskii, we show that the nonlinear neutral
dynamic equation with an infinite delay has a periodic solution. In addition, through
utilizing the contraction mapping principle, we have shown that this periodic solution is

unique.
Key words: Fixed point, infinite delay, time scales, periodic solution.
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The existence and uniqueness of periodic solutions for nonlinear neutral dynamic

equation with infinite delay on a Time Scale.

1. Introduction

In recent decades, scientific researchers have been able to explore other avenues that help
to show the existence of solution of nonlinear neutral dynamic equation with infinite delay
such as fixed-point theory, Picard’s successive approximation and the non-expansive
operators technique. Fixed points has been revealed as a very effective and useful method
for the study of nonlinear neutral dynamic equation. Moreover, the fixed-point theory
establish conditions to which maps have solutions and applied in variety of fields and
mathematics. Recently, (Makhzoum, H. A and Elmansouri, R. A, 2018), studied the

existence of solutions for the nonlinear neutral dynamic equation with an infinite delay,

= x(t) = —a(®)x(®) + =30, Q; (6.x(t — g(®)) + [£ (D )F(x()) + h(s)ds.  (L.1).

By the use of the Krasnoselskii's fixed-point theorem and proved the existence of periodic
solutions of Eq (1.1). Then they used the contraction mapping principle to show the

existence of a unique periodic solution of Eq (1.1).

In the present paper, we show the following the nonlinear neutral dynamic

equation with an infinite delay, for teT

x () = —a(®)x7 (t) + T2, Qi (&x(t - g(t)))A + 15 (D) +h(s)As  (1.2),

by assuming a(t) is a continuous real-valued function.Taking into consideration Q: R X
R->R,D:RXxR->R,f:R->R, x:R—= R and h: R — R are continuous function,
and to ensure periodicity the following assumption has been made

a(t), g(t), D(t,x),Q(t,x)are periodic functions.
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e
We are interested to study the existence of periodic solutions of Eq (1.2) on the space

called Time scale. Time scale is a relatively new subject it has been presented by the
following definition a time scale T is a closed nonempty subset of R. The main point of this
space is unifying the theory of difference equations with that of differential equations. Let
OeTandg: T— R,id — g: T — T is strictly increasing this leads that x(t — g(t))
is well-defined over T. The work is inspired and motivated by the works done by
(Ardjouni, A and Djoudi, A, 2016), for a wealth of reference material on the subject, we
refer to [3, 4, 5, 6, 7, 8] and [11], and the references in them.

To achieve the intended result we have to follow the requirements of Krasnoselskii’s
fixed point where the theory asks for z = Az + Bz yields z € M where M is a convex set
and Az is continuous and compact, Bz is a contraction. The methodology used in this paper
iIs transformed Eq (1.2) into an integral equation that allows us to create two mappings and
it is the condition of the fixed-point theorem of Krasnoselskii and this is done in lemma 3.2.
Afterward, we proved that Az is continuous and compact, Bz is a contraction. It helped us
to implement Krasnoselskii's theorem and to grant us to prove the existence of periodic
solutions. In the end, we show the uniqueness of the periodic solution by the use of the

contraction mapping principle.

This paper structured as follows. In Section 2, we present outlines some preliminary
background material to be used in the upcoming sections. In addition, some facts will
provide about the exponential function on a time scale well. The main result has been

presented in Section 3.
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2. Preliminaries
This section focus to provide the significant notations related to concepts concerning the
calculus on time scales for dynamic equations mostly all definitions, lemmas, and theorems
can be found in (Bohner, M, and Peterson, A, 2001 and 2003). A time scale T is a closed
nonempty subset of R. For t € T the forward jump operator o, and the backward jump

operator p, respectively, are defined as
o(t) =inf{s € T:s >t}land p(t) = sup{s € T: s < t}.

These operators allow elements in the time scale to be classified as follows. We say t is
I. right scattered if o (t) > t,

Il. right dense if o () = ¢,

iii. left scattered if p (1) < ¢,

Iv. leftdense if p (z) = t.

The graininess function u: T — [0, o), is defined by u (t) = o (t)-t and gives the distance
between an element and its successor. We set inf @ = sup T and sup @ = inf T. If T has a
left scattered maximum M, we define T* = T \ {M}. Otherwise, we define T* = T. If T has

a right scattered minimum m, we define T; = T \ {m}. Otherwise, we define T, = T.
Lett € T* and let f: T — R. The delta derivative of f (t), denoted by £ (t), is defined to

be the number (when it exists), with the property that, for each € > 0, there is a neighborhood
U of ¢t such that

f(0(®) = £(s) = fAO[o®) = s]| < ela(®) — s
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foralls € U. If T =R then f2(t) = f’ (t) is the usual derivative. If T = Z then f2(t) =

Af(t) = f(t+ 1) — f(t) is the forward difference of f at t.

A function f is right dense continuous (rd-continuous), f € C,.q4= Cr4 (T, R), if it is
continuous at every right dense point t € T and its left-hand limits exist at each left dense

pointt € T. function f : T — R is differentiable on T* provided f2(t) exists for all t € T*.

We are now able to state some properties of the delta-derivative of f. Note that f7(t) =

f (a(®)).

Theorem 2.1. [7]. Assume that f,g: T - R are differentiable at t € T* and let « be a
scalar.
i (f+ @)% = A1) + g ().
i. (af)*(t) = af*(t).
iii. (fg)*(t) = fAg(t) + f()g" .
iv. (fg)2(®) = fF(Og @) + f2()g(t).  (The product rules)
v. If g(t)g°(t) =0 then

A2 _ PAOg0-r g ®
(g) O == 0sm

The first two theorems deal with the composition of two functions. The first theorem is the

chain rule on time scales (Bohner, M, and Peterson, A, 2001: Theorem 1.93).

Theorem 2.2 (Chain Rule). Assume, v: T — R is strictly increasing and T:= v(T) is a time

scale.

Letw: T — R. If v2(¢t) and wl(v(t)) exist for t € T*, then (w o )2 = (Wh o v)vA.
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In the sequel, we will need to differentiate and integrate functions of the form
f(t—g@®) = fw(t)), where v(t) :== t — g(t). The second theorem is the substitution
rule (Bohner, M, and Peterson, A, 2001: Theorem 1.98).

Theorem 2.3 (Substitution). Assume v: T — R is strictly increasing and T:= v(T) is a
time scale. If f: T — R is an rd-continuous function and v is differentiable with rd-

continuous derivative, then for a, b € T,

v(b)

b
f fOVA(AL = f (f ov=1)(s) As
a v(a)

A function p: T — R is said to be regressive provided 1 + u(t)p(t) # 0 forall € T* .
The set of all regressive rd-continuous functions f : T — R is denoted by R while the set

R™* is given by
Rt*={feR:1+ult)f(t) >0 forallte T}

Letp € R and u(t) # 0 forall t € T. The exponential function on T is defined by

e,(t,s) = exp ftilog(l + ,u(z)p(z)) Az ). (2.1)
P s 1(2)

It is well known that if p € R*, then e, (t, s) > 0 forall t € T. Also, the exponential function
y (t) = e,(t, s) is the solution to the initial value problem y* =p(t)y,y(s) = 1. Other

properties of the exponential function are given in the following lemma, (Bohner, M, and
Peterson, A, 2001: Theorem 2.36).
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Lemma 2.4. Let p,q € R. Then
i.eg(t,s) =1andey(t,t) =1,

il e, (0(6), 5) = (1 + w(OP(D)ey (¢ 5),

p(t)

L1 —_—
iil. —— = eg,(t,s), where © p(t) = — 1+u(®)p@)

ep(t,s)

. 1
iv.e,(t,s) = ey egp(s,t),

v.ey(t,s)ey(s,r) = ey(t, 1) ,

A _ _ p@®)
V1. (ep(.,s)) - eg(.s)

The notion of periodic time scales and the next two definitions are quoted from (Atici,
F.M etal, 1999) and ( Kaufmann, E.R and Raffoul, Y.N, 2006).

Definition 2.5. We say that a time scale T is periodic if there exists p > 0, such that, if
€T ,thent + p €T. For T # R, the smallest positive p with this property called the

period of the time scale.

Example 2.6. The following time scales are periodic.

1. T = U2_[2(i — 1)h, 2ih],h > 0 has period p = 2h.

2. T = hZ has period p = h.

3. T=R

4. T={t=k—q™ k € zzm € Ny}, where 0 < q < 1 has periodp = 1.

Remark 2.7 ([11]). All periodic time scales are unbounded above and below.
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Definition 2.8. Let T # R be a periodic time scale with period p. We say that the function
f:T = R is periodic with period T if there exists a natural number n such that T =
np, f(t £ T) = f(t) forall t € Tand T is the smallest number such that f(t + T) = f(t).

If T = R, we say that f is periodic with period T > 0 if T is the smallest positive number
such that f(t £ T) =f(t) forallt € T.

Remark 2.9 ([11]). If T is a periodic time scale with period p, then
o(t £ np) = o(t) + np.
Consequently, the graininess function u satisfies
u(t £np) = o(t £np) — (t £np) = a(t) — t = u(t),
and so, is a periodic function with period p.

3. Existence of periodic solutions
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In this section, we will present the main result. The following conditions should be

assumed, Let C(T, R) be the space of all real-valued continuous functions on T.

Define
Hr = {@peC(T,R): p(t +T) = @(t)},whereT > 0; T € T,

then #; is a Banach space with the supremum norm
llxl = suplx(©)], te0,T].

If T+ R, T =np for some n € N. By the notation [a, b] we mean
[a,b] = {teT:a<t < b},

unless otherwise specified. The intervals [a, b), (a, b], and (a, b)are defined similarly. For

alle T, leta(t) >0and a € R*, where a(t) is a continuous, and

a(t + T)= a(t),gt+T)=gt),Dt+T,u+T)=D(tu) (3.2)

where id is the identity function on T. We also assume that Q (¢, x) and f (x) are continuous
and periodic in t and Lipschitz continuous in x. That is,

Q(t+T,x) =Q(tx) (3.2
and there are positive constants E; , E,, E;and E, such that

Y0t x) — Qe M < Eillx —yll (3.3)
If(0) —fO)I < Exllx—yll (3.4)
and, [ ID(tw)| Au< Es, h(s) <E,, (3.5)
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Lemma 3.1. [11]. Let x€ H. Then ||x?|| exists and ||x?|| = ||x]].

The following lemma allow us converting Eq (1.2) to an equivalent integral
equation,
Lemma 3.2. Suppose (3.1), (3.2) hold, if x € H; then x is a solution of Eq (1.2) if and
only if
x(@®) =20, it x(t —g®) + (1 —ega(t,t =)™

X [ftt—T —a) X, Q7 (u,x(u = g(u))) ega(t, u)Au
+ 5 1 (D 9)F(x(9)) + h(s)) As egq(t,wAul.

Proof. Let x (t) € Hy be asolution of Eq (1.2). By writing Eq (1.2) as
p t
2 = ) 0 (6.x(t — 9@))1* = —a(®x() + f [D(t,5)f (x(s)) + h(s)]As
i=1 -

Adding a (t) X1_, Q° ((t, x(t — g(t))) to both sides of the last equation, we obtain

A

[x(t) - Z Q; (t,x(t = g(t)))] -
—a(®)[x7() — X_, 07 ((t,x(t — g(®))]
—a(®) ¥F_, Q7 ((t,x(t — g(©)))

+ D@t $)f(x(s)) + h(s)]As (3.6)

Multiply both sides of (3.6) by e, (t, 0)and then integrate fromt — T to t to get
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x© - @ (6x(t-9())leatt,0) =[xt ~T)
p
- ) Q=T =T — gt =leq(t ~T,0)
i=1

= J:T[—a(u) 211 Q7 (u,x(u — g(u))) e, (u,0)Au

+f (D(u, s)f(x(s)) + h(s))As]e,(u, 0)Au

By dividing both sides of the above equation by e, (t,0), and due to the fact that x(t) is a
periodic function of period T and using equations (3.1), (3.2), we arrive at

x(t) = Z; Qit,x(t—g®) + (1 —egalt,t =T,
x [fy_p—a@) 22, 07 (wx(u — g(w))) ega(t, u)a

+ J:T J;:(D(u, S)f(X(S)) + h(s)) As egq (t, w)Au]

We will introduce the state of Krasnoselskii's fixed-point theorem and apply this theorem
to prove the existence of a periodic solution

Theorem 3.3 (Krasnoselskii). Let Mbe a closed convex nonempty subset of a

Banach space (B, ||. || Suppose that A and B are two mappings from M into B such that
(i) x,y € M, implies Ax + By € M

(if) A is compact and continuous,

(i) B is a contraction mapping.

Then there exists z € M withz = Az + Bz .
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For its proof, we refer the reader to (Smart, D.R, 1980). As the structure hypothesis of
theorem 3.3 states, there are two mappings, one is a contraction and the other is compact.

Therefore, we will define an operator as following:« let P: H; — H; such that,

PR® = ) e to-g®)

-1

H(1-eoa(tt 1)) [, ~a@ 3y 0 (wo(u— g@)) ecults)bu
L, (P f(0() +h(s)) 85 egalt HAul

By using the same steps in (Althubiti, S et al, 2013), we can prove that, (P¢)(x) is periodic
in t of period T.
Now by expressing equation (3.7) as

(Pp)(®) = (Bo)(®) + (Ag)(0);
where A and B are given by

Be)(®) = X, Qi(t, @ (t — g(©))), (3.8)
and,

(Ap)(®) = (1 ~eoa(t,t - T))_l [ftt—T —a) X}, Q7 (u, o(u- g(u))) eoa(t, s)Au
+ 0 (DG (o)) + h(s) ) Bs egq(t )t (3.9).

We are trying to achieve that (Be) (t) is contraction and (A¢) (t) is compact
this can be done by providing these two lemmas. Before introducing the lemmas we define

the following constants

T = MaXepo 7] |(1 — egq(t, tT))_1|,
v i= | maxyeq—r. ega(tw)], (3.10)

p = maxeeporla®)l.
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Lemma 3.4. If A is defined by (3.9), then A is continuous and the image of A is contained

in a compact set.

Proof. We will start by proving A is continuous we define A as (3.9). Let ¢, Y € H;, for a
given € > 0, take § = % with N = tT[pE; + E,E5], now for || — || < &, and by using
(3.3) into (3.5), we get

|4, — Ay || < VT [pE; + E;Es]llo — Il < Nllg — ll S N§ < e.

This shows that A is continuous. The second step is showing A is a compact set using
Ascoli-Arzela's theorem (DiBenedetto, E, and Debenedetto, E, 2002) which states that

forA < X, Aiscompact if and only if A is bounded, and equicontinuous.

Let Q = {p € H;:|lp|l <Y}, where Y is any fixed positive constant, from (3.3) and (3.4)

we have,

2 14
D I0inl= ) 10:(t%) — Qu(t,0) + Qi(t,0)

< X [1Qi(t x ) — Qi(t, 0] + 1Q:(t, 0)1]
< Ellxll + «,

where a=sup;epo.r) Xieq1Q:(t, 0)1.

In the same way,

IFCOl = 1f(x) = f(0)] < E[Ix]l.

Taking into consideration, f(0) = 0. Let ¢,, € 2 where n is a positive integer with L =
wT[p(E,Y + a) + YE,E;+E,] where L > 0, Therefore,
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t

4,1 =] (1 = couttt=1) "1

t—-T

P

~a() Y 0F (1 @u( — g())) ega(t,5)u
i=1

+ f:T f:o(D(u, $)f (on(s)) + h(s)) As egq(t, s)Au]|

< Maxiefo,r)

14
(1-ecatte-1) [ " e > 07 (wgn(u— g)) et s)u
t i=1

-T

+ ft; f_:(D(u, S)f (on(s)) + h(s)) As e (t,5)Au ]|

< [ [pEllenll + @) + [*_ID(w 5)f (@ () + h(s)IAs] Au

t
< [,_[pEillonll + @) + ExE3ll@n || +E4] du
< T [p(E1llonll + @) + E3Esll@n || +E4]
< T [p(E;Y + @) + YE,Es+E,] < L.

This is showing that A is bounded. To prove A is equicontinuous we need to find
(Ap,)2(t) and prove that it is uniformly bounded. Therefore, after derivative (3.9) with
using (3.3) - (3.5) we get,

(Apn)A ()=

—a(®)A(@)° () — a®) £, Q7 (£, 0a(t — 9(©)) + [ (Dt 9)f (@a(s)) + h(s)As.

The above expression yields ||(A¢@,)?|| < Z where Z is some positive constant. Hence, by

Ascoli-Arzela's theorem A¢ is compact.

Lemma 3.5. If B is given by (3.8) with E; < 1, and (3.3) hold, then B is a contraction.
Proof. Let B be defined by (3.8). Then for ¢,y € H, we have
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I(Be)(t) = (BY) (Ol = suptejor | (Be) () — (BY) (D)
= suprejor 2= 1Qi(t, @ (t — g(£))) — Qi(t, ¥(t — g(®O)))I.
By using (3.3), then
1(Bo) (&) = (BY) (Ol < Evsupeeqon [0 (t = 9(®) =9t — g (©) |
As E; < 1therefore, B defines a contraction.

Theorem 3.6. Suppose (3.1)-(3.5) hold. Let a=sup; ¢jor7 21-41Qi (¢, 0)| , and let K be a

positive constant satisfying the inequality
T p(E; K + a) + EyEsK+E) +EiZ X +a <X
Let M = {p € H;:|loll < X3 Then Eq (1.2) has a solution in M.

Proof. First, we will define M = {¢p € H;:||l@|l < K}. By knowing, that A is continuous
and AM contained in a compact set from lemma (3.4). In addition, the mapping B is a

contraction from lemma (3.5). It is clear that A, B: H; — H;. The aim is showing

that ||A, + By|| < K. Let p,3 € M, with [|ol], li]l < %K. Then,

14g + Byl < [[4p |l + [IBy|l

Lemma 3.4 says that,

40| < T PE(l@nll + @) + EyE;ll@plI+Ey]
Therefore,

lAIl + [IBIl < ©vT[pE;(l@nll + a) + EzEzll@nl[+Es] + E |l + a
< TVT[PE,(K + @) + E,EsK+E,] + X + a < K.
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Hence, all conditions of Theorem 3.3 are proven. Thus, there exists a fixed point z in M.
By Lemma 3.2, this fixed point is a solution of Eq (1.2). Therefore, Eq (1.2) has a T-

periodic solution.

Theorem 3.7. Let (3.1)-(3.5) hold if

E,+1vT(pE,) + TE3E, < 1
Then Eq (1.2) has a unique T-periodic solution.

Proof. Let ¢, e Hy. We define P as Eq (3.7). We have,

1P,—Py || < [Ex+TvT (pEy) + TEsE, ]l — .

This completes the proof of Theorem 3.7.

CONCLUSION
The aim of this study toconvert Eq (1.2) intoan integral equation and employ
Theorem 3.3, provide the existence of periodic solutions. The integral equation helps us to
create two mappings, one of them is a contraction and the other is completely continuous.
Besides, we show the uniqueness of the periodic solution by using the contraction mapping

principle that has been mentioned in theorem 3.7.
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