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On Canonical Hypergroup and Congruence of Semihypergroup

Abstract:

In  previous studies on hypergroup and canonical hypergroup, the normal
subhypergroup is defined 1. In this paper, we proved that the hyper sum of two
subcanonical hypergroups is normal provided that the first is normal.

We also introduced definition congruence on a semihypergroup “ and we prove the

composition two congruences is congruence on a semihypergroup.

Key Words: semihypergroup, quasihypergroup, hypergroup, canonical hypergroup, and
congruence on a semihypergroup.

AW 8 et Chad gl BBMe g A gild) AW 8,001 J g

;)!}l,c}j A b

uﬂ.”ﬁl&\
Bla bl agd) Bl sl (s & 5l A sally U 5l e coal dhle Slals 3
bl Lo 055 OF by bl 056 A sl aBW el e Y U g et OF Ladl 13,00 oda (3

ils e Ll ga plas 5D (oS5 Of Ladly AW 5l Canas o el BB Cappes 6,83 Wl LS

WY 6&; Gl e (aiglal il 50 AW 5l Al 80 4 (AL S Ll 1Ll KNS

A 5 el



VA Bl t,

University of Benghazi olkiy dxaly
Faculty of Education Almarj N asall — dgyill iyl2
Global Libyan Journa/ ISSN 2518-5845

Global Libyan Journal dgallell Ao lll Alsall

2022 | sslyss | pgmarlly puulall muell

1. Introduction

The concept of hyperstructure, was introduced by Marty in 1934 . Hyperstructures
have many applications to other areas of various sciences. Many books and papers
have been published related to the applications of hyperstructures in the fields of
geometry, hypergraphs, binary relations, lattices, fuzzy sets and rough sets, automata,
cryptography, combinatorics, codes, artificial intelligence, probabilistic, etc, for example, see
[1-3]. Canonical hypergroup as a special kind of hypergroups. The congruence relation was
studied for its important role in the study of the quotient for hyper-structures.
2. Preliminaries

In this section, we introduced all definitions and basic properties we require of
canonical hypergroups .
Definition 2.1. ™ Let H be a non empty set. The operation 0 : H x H — P"(H) is called a
hyperoperation and ( H , 0 ) is called a hypergroupoid, where P*(H) is the collection of all
non empty subsets of H . In this case, forA,B S H,

AoB=u{aob|a€eA beB}
Definition 2.2.™ A hypergroupoid (H , o) is called a semihypergroup if
(aob)oc=ao(boc), Va,b,ceH (Associtivity)

Which means that :
U U= o= U [P

UEdch VEDber
The hypergroupoid (H , 0) is called quasihypergroup if
aoH=H=Hoa, vaeH (Reproduction Axiom)
A hypergroupoid ( H , o ) is called a hypergroup if it is both a semihypergroup and
quasihypergroup .
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Example 2.3.° Let H = {a, b, c} Define the hyperoperation * on H by the

following table.

* a b C
a a {a,b} | {a,c}
b a b C
C a b C

Then (H, #) is semihypergroup, but not quasihypergroup .
Definition 2.4.51 A non-empty subset K of a hypergroup ( H , o ) s called a
subhypergroup if it is a hypergroup .
e forallaeKwehave,aoK=K=Koa
Definition 2.5.! We say that a hypergroup H is canonical if
1) it is commutative ,
2) it has a scalar identity ( also called scalar unit ), which means that
JeeH,vxeH, X0e=e0X=X,

3) every element has a unique inverse, which means that for all x € H, there exists unique
inverse x * e H, such that

eexox?tn x?tox,
4) it is reversible , which means that if x € y 0 z, then there exists inversey * ofy and z™
ofz,suchthatzey ox andyexoz™
Definition 2.6.5! A non-empty subset N of (H, o) is called a canonical subhypergroup of H,

denoted by N < H if it is a canonical hypergroup itself .

Definition 2.7.E" A canonical subhypergroup N of H is said to be normal if for all X
EH Xx+N-x & N,

Remark 2.8.°! Let H be a canonical hypergroup, and let N be a subcanonical hypergroup of
H. We denote the subset { x € H : x — x € N} of H by Sy.
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Proposition 2.9° Let H be a canonical hypergroup, and let N be a subcanonical

hypergroup of H. Then, N is normal if and only if Sy =H.

Proof.
Let N be normal. Then, for x € H, x + 0 - x € N. That is, x € Sy. Hence, Sy = H.
Conversely, if Sy =H, thenforx e H, we get x+ N-x=Xx-X+ NS N+ N=N. Thus, N is

normal. =

Proposition 2.10. Let A, B be subcanonical hypergroups of a canonical hypergroup (H,+)

such that A is normal, then the subcanonical hypergroup A + B is also normal.

Proof.

Let A+ B = U{a—I—b}
b5

“ 0EAO0EB (‘'since A, B are subcanonical Hypergroups of H)
=0+0=0A+B
~A+B=+0.
Letx, yEA+B
= Ja,a1 €A and b, b; EB such that

XEa+b, yEa+b
consider x-yc(a+hb)—(as+by)=(a—a;))+(b—by

a-a;<SA,b-b;cB (since A, B are subcanonical Hypergroups of H)

Thus x—-y €CA+B
~ A + B is a subcanonical Hypergroup of H.
Now to prove A + B is a normal subcanonical Hypergroup of H .
Letx € H, consider x + (A+B)—x=(x—X) + (A +B)
Since A is normal
= Sp=H = XxXESy meansthatx—x S A
~(x-x)+(A+B)SA+B
Thusx+(A+B)-xS A+B

A + B is a normal subcanonical Hypergroup of H. =
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3. congruence on semihypergroup.

Definition 3.1.17 Let (H , -) be a semihypergroup and R be an equivalence relation on H. If
A and B are non-empty subsets of H, then we define
ARB means that ¥a €A, 7b €B such that aRb and
Vb €B, 7a € Asuch that aRb;

ARB means that Va € 4, ¥ b € B, we have aRb.
Definition 3.2.1 An equivalence relation R on H is called

(i) congruence if
aRb and cRd =a-cRb-d,vabcdeH

(i) strong congruence if

aRb and cRd = a-:cRb-d,vabcdeH
Definition 3.3 If R and S are binary relations on (H,*) then R o S, the
composition of R and S, is defined as usual by
RoS={(x,y)|3zeH:(x,2) €R, (z,y) € S}
Proposition 3.4. Let R and S be (resp. strong) congruence on a semihypergroup H. Then
R o S the composition of R and S is a (resp. strong) congruence on (H,*).
Proof . LetK=RoS={(x,y)|3z€eH:(x,2) €ER, (z,y) € S}
Let(X,y), (X1, Y1) EK and tex#x
=3z,1€H st.(x,2)€R,(z,y) €S and (X1, 21) ER, (z1,y1) €S (by Def.3.1)
Since R and S are congruence on H then
X#xiRz*z;and z# 2,5y *y;
= 3Ja€ez*z; st.tRaand3abey+*y, st aSb,thus(t,b)€KX.

Therefore R o Sisastrong congruenceon H. =
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