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On boundary value problem of implicit arbitrary orders differential 

equations in reflexive Banach spaces  

Abstract 

Applying the technique associated with the fixed point theorem due to O'Regan, we 

prove the existence of a unique weak solution to the functional integral equation 

 

In the last section, we study the pseudo and weakly diffierential solutions to the boundary 

value problem of implicit arbitrary orders diffierential equations with integral boundary 

conditions 

 

 

in reflexive Banach spaces.  

Keywords : Fractional derivative,  Pseudo solution, boundary value problem, fractional Pettis 
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 حول مشكلة القيمة الحدية للمعادلات التفاضلية الضمنية من الرتبة التعسفية في فضاءات بناخ

 إبتسام علي حريبشد.       &      يزة عبد الحفيظ حسيند. عز 
 الملخص: 

 نطبق نظرية النقطة الثابتة المشهورة بنظرية اوريجون لنثبت وجود حل ضعيف وحيد للمعادلة التكاملية

 
 لة القيمة الحدية                                        و باستخدام هدا الحل قمنا في القسم الاخير بدراسة الحلول الزائفة و الحلول الضعيفة القابلة للتفاضل لمشك

  

 



 

 
 

 بإستخدام شروط حديه تكاملية في فضاء بناخ الانعكاسي.

 ,  حلول زائفة ,  مسألة القيمة الحدبة ,  تكامل بتيس الكسري يالكسر التفاضل  الكلمات المفتاحية:
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



 

 
 

1 Introduction and Preliminaries 

The existence of weak solutions of the integral and diffierential equations has studied in 

several papers (see for examples [11]-[22]). 

In [18] and [20] the existence of weak solutions in the reflexive Banach space  for the initial 

value problem of the arbitrary (fractional) orders diffierential equation 

 

has been considered. The theory of boundary value problems is one of the most important and 

useful branches of mathematical analysis.  recently some theories for the boundary value 

problems of fractional differential equations has been discussed in (see for example [3], [4], 

[9], [13], [19], [21], [23] and [24] ). For boundary value problems with integral boundary 

conditions and comments on their importance, we refer the reader to [7], [12] and the 

references therein.  

Let  be a reflexive Banach space with norm  and dual . Denote 

by  the Banach space of weakly continuous functions  with 

. 

We recall the following definitions. Let  be a Banach space and let , then 

1.  is said to be weakly continuous (measurable) at  if for 

every  is continuous (measurable) at . 

2. A function  is said to be weakly sequentially continuous if  maps weakly 

convergent sequences in  to weakly convergent sequences in . 

3.  is said to be Pettis integrable on I if and only if there is an 

element  corresponding to each  such that 



 

 
 

 
where the integral on the right is supposed to exist in the sense of Lebesgue. By definition 

 

Definition 1.  Let . The fractional Pettis integral of  of order 

  is defined by (see [15]) 

 

In the above definition the sign  denotes the Pettis integral. 

  It is evident that in reflexive Banach spaces, both Pettis integrable functions and 

weakly continuous (strongly measurble) functions are weakly measurable. Moreover the 

weakly measurable function  is Pettis integrable on    if and only if  is 

Lebesgue integrable on ; for every  ([5]). 

   For the properties of the fractional Pettis integral in reflexive Banach spaces (see  

[9],[18],[21]). 

Now, we give the definition of the weak derivative of fractional order. 

Definition 2.  Let  be a weakly differentiable function and  is weakly continuous, 

then the weak derivative of  of order  by 

 

where  the weakly differential operator. 

Definition 3.  A function  is said to be pseudo-differentiable on  to a function  if 

for every , there exists a null set  (i.e.  is depending 



 

 
 

on  and ) such that the real function  is differentiable a.e. 

on  and 

 

The function  is called a pseudo-derivative of  

Proposition 1. [17]  Let  be a weakly measurable function. 

(A)   If  is Pettis integrable on , then the indefinite Pettis integral 

 

is absolutely continuous on  and  is a pseudo-derivative of . 

(B)   If  is an absolutely continuous function on  and it has a pseudo-

derivative  on , then  is Pettis integrable on  and 

 

Definition 4.  A function  is a pseudo solution of the problem (1) if  has 

fractional derivative of order  and satisfies 

 

    Also, we have the following Fixed point theorem, due to O’Regan, in reflexive Banach 

space (see [16] ) and some propositions which will be used in the sequel (see  [18],[22] ). 

Theorem 1. (O’Regan Fixed point theorem) 

Let  be a Banach space and let  be a nonempty, bounded, closed and convex subset of the 

space  and let    be a weakly sequentially continuous and assume that   is 

relatively weakly compact in  for each  . Then,   has a fixed point in the set . 



 

 
 

Proposition 2.  A subset of a reflexive Banach space is weakly compact if and only if it is 

closed in the weak topology and bounded in the norm topology. 

     The following  result follows directly from the Hahn-Banach theorem. 

Proposition 3.  Let  be a normed space with . Then there exists a  with 

 and  . 

Here, we studied the existence of solution  for the boundary value problem of the 

implicit arbitrary (fractional) orders nonlinear diffierential equation 

                                     (1) 

2 The main results 

Consider the boundary value problem  (1). Operating by  on both sides we obtain 

                                      (2) 

Let , then for the existence results on the initial value problem (1) 

we need the following lemma [4]. 

Lemma 1.  Let  and let  be a given function, then the boundary value 

problem 

                                                      (3) 

                            (4) 

has a unique solution given by 

                                       (5) 

where  is the Gree s function defined by 



 

 
 

      (6) 

   Notes that, the function  is continuous on , and hence is bounded. Let 

 

                  (7) 

       (8) 

So, we have prove the following lemma. 

Lemma 2.  The solution of the boundaty value problem (1), if it exists, then it can be 

represented by the solution of the nonlinear integral equation (8), this solution is given by 

(7). 

2.1 Functional integral equation 

The integral equation (8) will be investigated under the assumptions: 

i. For each  is weakly-weakly sequentially 

continuous. 

ii. For each  is strongly measurable on . 

iii. For any , there exists the function  is bounded and 

measurable such that 

 

Where . 



 

 
 

Definition 5. By a weak solution to (8) we mean a function  which satisfies weakly, 

the integral equation (8). This is equivalent to finding 

  with 

 

for all . 

Theorem 1.  Let the assumptions (i)-(iii) be satisfied,  If , then the 

nonlinear integral equation (8) has at least one weak solution  . 

Proof.  Let  be an operator defined by 

 

For any  is strongly measurable 

on  (assumption (ii)).  By (Lemma 19 in [21])   is Pettis 

integrable for all , we have that, by (Theorem 8 in [21]) 

,  is fractionally Pettis integrable for all   and thus the 

operator  makes sense. 

Now, define the subset   of  by 

 

 



 

 
 

Note that  is nonempty, bounded, closed and convex subset of . 

We shall show that    satisfies the assumptions of O’Regan fixed point theorem [16]. 

The operator  maps  into itself. To see this, take ; without loss of 

generality; assume , then there exists   

with  and . By the Assumption (iii), we obtain 

 

 

 

 

From the last estimate, we deduce that 

 

Therefore, . 

    Now, let  , without loss of generality, assume 

  we get 

 

 



 

 
 

 

 

 

 

 

 

 

 

 

 

 



 

 
 

Hence 

            (9) 

Hence  . This means that the class  is weakly equi-continuous, then by 

Arzela-Ascoli Theorem the closure of  is weakly relatively compact. 

To show that the operator  is weakly sequentially continuous, let  be sequence 

in  converges weakly to  on , since  is closed then . Fix  By the 

Lebesgue Dominated Convergence Theorem ([8]) we have  is weakly 

convergent to , since  is weakly-weakly sequentially continuous, 

 we have   converges weakly to 

;  hence again the Lebesgue Dominated Convergence 

Theorem (see assumption (iii)) for Pettis integral yields  is weakly sequentially 

continuous. Since all conditions of O’Regan fixed point theorem ([16]) are satisfied, then the 

operator  has at least one fixed point , then the nonlinear integral equation of 

fractional order (8) has at least one weak solution .               

2.1.1 Uniqueness of solution 

For the uniqueness of the weak solution  for the nonlinear integral equation of 

fractional order (8) 

Theorem 3.  Let the assumptions of Theorem  2  be satisfied and replace the assumption (i) 

by 

  For each  satisfies Lipschitz condition 

 

with Lipschitz constant . If   (Which we will know in (10)) , then the nonlinear integral 

equation of fractional order (8) has a unique weak solution . 



 

 
 

Proof.  let  be any two weak solutions in  for the nonlinear integral equation of 

fractional order (8), then 

 

 

 

 

 

 

 

 

 

 

 

We choose 

                                      (10) 

(by assumption), therefore  

 



 

 
 

which implies that 

 

and the weak solution   of (8) is an unique.                                     

2.2 Boundary Value Problem 

Now from Lemma 2 and Theorem 3 we can prove the following corollary for the boundary 

value problem (1). 

Corollary 1.  Let the assumptions of Theorem 3 be satisfied. Then the problem  (1) has a 

unique weak solution . 

2.2.1 Pseudo-solutions 

Theorem 4. Let the assumption of Theorem 2  be satisfies, then the boundary value problem 

(1) has a pseudo-solution. 

Proof.  Since  is Pettis integrable and weakly measurable 

function, then the solution 

 

of (1) is absolutely continuous ( proposition [17] ). Thus for any  we have 

 

 

2.2.2 Weakly differentiable solutions 

Theorem 5.  Let the assumptions of Theorem 2 be satisfied and replace the assumption (ii) 

by 



 

 
 

(ii)  For each  is weakly continuous on . 

Then the boundary value problem (1) has at least one weakly differentiable solution . 

Proof.  From lemma 2, the solution of the boundary value problem (1) is given by 

 

since  is weakly continuous on , then the integral of  is weakly differentiable with respect 

to the right end point of the integration interval and its derivative equals the integrand at that 

point ([14]), therefore  is weakly differentiable and 
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