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ON THE CARTESIAN PRODUCT INTUITIONISTIC FUZZY RELATION

Abstract:

In this paper we study the intuitionistic fuzzy relation and the operations on the intuitionistic
fuzzy relations. We first define theCartesian product of intuitionistic fuzzy sets, then
introduce the projection and the cylindric extension of intuitionistic fuzzy relation and show
the relation between them. The concept of a composition operator for the intuitionistic fuzzy
relations, which represents a generalization for those of fuzzy sets is also discussed in this
paper.
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1 Introduction

The concept of fuzzy sets was first introduced by Zadeh [4] who defined the concept of fuzzy
relation, projections, cyindric extension and composition of the fuzzy set. Since then
numerous studies have been conducted in this area due to the diverse applications ranging
from engineering and computer science to social behaviour studies. The idea of an
intuitionistic fuzzy set was presented by Atanassov[1] and Hosseini et.al [17] generalized
some results on intuitionistic fuzzy space. Intuitionistic fuzzy sets play an important role in
modern mathematics and in the field of fuzzy systems and controls. Recently Yao et.al[7]
elaborated on fuzzy soft set and soft fuzzy set. Cagman et.al [15] proposed interesting
applications of fuzzy soft set theory. Xu et.al [8] introduced the definition of intuitionistic
fuzzy soft set. On the other hand, to make easy computation with the operations of fuzzy soft
sets, the fuzzy soft matrix theory is presented and fuzzy soft max-min decision making
method is set up by Cagman and Enginoglu [16]. Chaudhuri et.al[9] used fuzzy soft relation
to solve decision making problems. Alkhazaleh et.al introduced possibility fuzzy soft set [12]
and the concept of fuzzy parameterized interval-valued fuzzy soft set[13] and soft multi
sets[11] as a generalization of [10]. Alhazaymeh et.al[14] then generalized the concept of soft
intuitionistic fuzzy sets.

The objective of this article is to generalize the fuzzy relation concepts to intuitionistic fuzzy
concept by defining a Cartesian product, projection, cylindric extension and composition for
the case of intuitionistic fuzzy sets. We start this article by recalling some basic definitions
related to fuzzy and intuitionistic fuzzy sets.

2. Preliminaries

Definition2.1(see[4])A fuzzy set in universe of discourse U is characterized by a membership
function that takes values in the interval[0,1].

Therefore a fuzzy set is a generalization of a classical set by allowing the membership
function to take values in the interval [0,1], instead of only two values zero and one.
Definition2.2(see [4]) A fuzzy set A in U is a function from U into [0,1].

Definition 2.3(see[1]) An intuitionistic fuzzy set A in a nonempty set U(a universe of

discourse) is an object having the form
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A={{ xu (x v, () xelU) where the function denotes the

degree of membership function and the degree of non-membership function of each

element xeU to the set A respectively, such that0 < 4, (x)+v,(x) <1 forall xeU.
Definition 2.4  (see [4]]) Let A, B be fuzzy sets in X and Y respectively. The cross
(Cartesian) product AxB is a fuzzy set defined by Asz{((x, V), s (%, Y)) (X, ) € X XY}
where

Hpa (X, Y) = Min (12, (%), 425 ().
Definition 2.5(see [1]]) Let A and B be intuitionistic fuzzy sets in X and Y respectively. The
cross (Cartesian) product AxB is an intuitionistic fuzzy set defined by
AXB = {{(x,¥), haxs (2, ) V4 s (6,3)): (x,¥) EX X Y}
where 1z, o (X, y) =min (z,(X), 25 (Y) )

Vaxg (X, ) = max (vy(x), vs (¥))

Definition2.6 (see[4]) Let Qbe a fuzzy relation in U, x U, x ...x U, andlet{i,, ... i, } be a
subsequence of{1.2, ...n }.Then the projection of QonU; X ...x U, is a fuzzy relation Qr in,
s,y oty ) = max pgu g, uy Jisuch that wjy € U win_p € Ujtnoio

where {u;,. ... u;,_1 } is the complement of {0 ot 3 with respect tofu,. ... . u, ).

As a special case, if Qis a binary relation in XxY, then the projection of Qon X, denoted
by@..is a fuzzy setinU defined by

Ho, = max(vy (x,¥).
veEY

Definition 2.7(see [3]) let Qpbe a fuzzy relation in U X XU and{i;,..i.} a
subsequence {1.2, ...n} then the cylindric extension of Qpto U, x U, x ...x U_ is a fuzzy
relation Qgin Uy X Uy X ... X U, defined by sg,, Gy tin) = g, (atg oty ).

As a special case, if Q is a fuzzy set in U then the cylindric extension of Qto UxV is fuzzy

relation Qg in UxV that isug Gr.y) =ug &) .
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Definition 2.8 (see[3], [5],[6])The composition of fuzzy relation P(U,V)and @(V, W)

denoted by P = @ is defined as a fuzzy relation in uxw whose membership function is

T (x,2) = max,,., t( i, (x,}r],_ug (v.z))for any (x,z) eU xW where t is any t-norm.

There are two most popularly used compositions namely max-min composition and, max-
product composition which are defined as follows:

e The max-min composition of fuzzy relation P(U,V)and Q(v,w)is fuzzy relation P o (Jin
v,w defined by the membership function

T (x,2) = maxmin,., (i, (x, }r],p:g (v.z) where (x,z) eU xW .

e The max-product composition of fuzzy relation P(U,V) and Qq,w)is a fuzzy

relationP e () in U xw defined by the membership function
M pog (2.2) = max, ., (p, (% v)p, (3, 2)
where (x,z) eU xW .
Below are some operations on intuitionistic fuzzy set as noted by Mohammad Fathi [2])
which we will be using.

Yager sum and product:

1

S(a,b) =min (L, (@" + bW)%) T, (a,b)=1- min{l, (@)" + (b’)W)W}where we (0,00) -

Drastic sum and product:

aif b=0 aif b=0
Sgs=1 bif a=0 Tz = bif a=0
1 otherwise 1 otherwise
Einstein sum and product:
“ _atb . 1-a)(1-b’
SX(a,b) Trap Ti(@.b)=1- 1-a)(1-b)

a'+b'+@-a")(@-b)
3. Intuitionistic Fuzzy Relation
In this section we introduce operators of intuitionistic fuzzy relation, which are projection,
cylindric and composition of intuitionistic fuzzy relation
We now propose the following definition with respect to cross products of intuitionistic fuzzy

sets.
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Definition3.1An intuitionistic fuzzy relation is an intuitionistic fuzzy set in the Cartesian

product of crisp sets u,u,, ..U, with the representation
schemed = {{p, (x),vy(x):x € U)}.
An intuitionistic fuzzy relation Q in U, x U, X ... X U,_is defined as intuitionistic fuzzy set

Q = {{(up wpo ), .“,;-(Hr g, sty ) v (g g )} (gt ) € Uy XU X X U}
suchthat g, = Uy X U, X ..x U, = [01],v,: Uy XU, X .. XU, —[01].
As a special case, a binary intuitionistic fuzzy relation is an intuitionistic fuzzy set defined in
the Cartesian product of two crisp sets.
We now propose the following definition of the projection of intuitionistic fuzzy sets.

Definition3.2Let Qbe an intuitionistica fuzzy relation in U, x U, x ...x U,and let{i,, ... i}
be a subsequence of {1,2, ...n} Then the projection of Qon U,; X ..U, is an intuitionistic
fuzzy relation Qe in U, X .X U, defined by member ship function and non-membership

function

.uQP{u,-I.....u,-E} = max pigluy, oo up JWhere wy, € Uy, o, i g € Ujin_wand

Vo, [1¢!1,... , ”’!J = min v (uy, ..., u,, ) Where w;; € Uy, Witz € Ujin-io)

such that{u;,. ....u;,,_y } is the complement of {u ooy} with respect tofu;. ... u,).

As a special case, if Q is an intuitionistic fuzzy relation in XxY then the intuitionistic fuzzy

projection of Q on X, denoted by Qx , is an intuitionistic fuzzy set in X defined by

Ho, = max(p,( x,y)) and v, =min(v, [x,}?jj.
YEY VEY

Example3.3Consider the universe of discourse X ={1,2} andY ={a,b}. LetQbe
An intuitionistic fuzzy relation in X xY defined by

Q ={((,a),0,0.2),((1,b),0.4,0),((2,a),0.5,0),((2,b),0,0.1)}
We find the projection of Q on X and on Y by using

i) Drastic sum and product, and ii) Einstein sum and product.

The projection of Qon X:

i)  Drastic sum and product



VA Bl t,

University of Benghazi ol dxaly
Faculty of Education Almarj 3 asall — &gyl &412
Global LibyanJoumﬂl ISSN 2518-5845

Global Libyan Journal dgallell &gglll &lyall

2023 | spangs [ gozpall suzll

Se (&), (b,b)) =(Si(a,b), Sk (a',b))

where
aif b=0 aif b=0
sk = bif a=0 Ti, = bif a=0
1 otherwise 1 otherwise
we obtain

Qu = {(L. 84 (1oL 2), o (D)), Ty, (Vo (L a), vo (L b)),

(2,84 (1(2,2), 119(2,0))), T, (Vo (2.2), v (2,0) )}
=1{(1,0.4,0.2),(2,0.5,0.1)} |
The second part Q, (projection of intuitionistic fuzzy relation Q on Y)
Q,={(a, Sk (1o (L,3), 115(2,2)) , T, (Vo (L a),vo(2,8))),
(0,84 (1oL b), 115 (2,0)) Ty, (Vo (L b),v4(2,0)))}

={(a,0.5,0.2),(b,0.4,0.1)} .

ii) Einstein sum and product

N a+b TY(a'.b)=1— (1_a,)(1_b,)
Siab) = To (@ D) =l a—b)

The first part Q, (projection of intuitionistic fuzzy relation Q on X)
Qy ={(1,8 (1o (L), 115 (L D)), T, (vo (L, 8), vo (L b)),

(2,88 (16(2.2), 115(2,0))). T2, (vo(2,8),v4(2.b) )}

Qx:{<’ 0+04 (1-0.2)(1-0) ,,

1+(0x0.4)"" 0.2+0+(1—0.2)(1—0)
(2 05+0 (1-0)(1-0.1) y
'1+(0.5x0)"" 0+0.1+(1-0.1)(1—0.1)

={(1,0.4,0.2),(2,0.5,0.1)}

The second part Q, (projection of intuitionistic a fuzzy relationQon Y)
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Q, ={(a,8 (1o (1L.a), 15(2,0))), T, (v (L 2),v4 (2,D) ),

(b, 8% (1L b), 11(2,0))), T, (vo (L), v4(2,0)))}
={(a,0.5,0.2),(b,0.4,0.1)}
We now propose the definition of cylindric of intuitionistic fuzzy relation.
Definition3.4Let @pbe an intuitionistic fuzzy relation inU, X ..X U,vand{il,...ik}is
subsequence off1,2,..n} then the cylindric extension of @ptolU, X U, X ..X U, s
intuitionistic fuzzy relation Qe in U, X U, X ...x U, defined by
pgoy (peeuy) = ng(ug, . ug, Jand Vgpg (U1s s Uy) = Vg [uh.....u!?)[u!], ""”!J .

As a special case, if Q is a fuzzy set in U, then the cylindric extension of Qto UxV is an
intuitionistic fuzzy relation in UxV and (we denote it by Q) defined by

U (%, Y) = o (X) Vo (X, y) =vo(X).

Example 3.5.Consider the universe of discourse X={1,2} and Y={a,b} and let A be

an intuitionistic fuzzy relation on XxY where

A={((1,a),0.2,0),((1,b),05,0.3), ((2,2),0.1,0.1),((2,b),0.8,0)}

We want to find the projection of A on X, then cylindric extension of the projection of A on X.
The first part is to find the projection of A, by using the algebraic sum on the membership
values of the elements of A and using the algebraic product on the non-membership values of

the elements of A.We know that

XxY={(,a),(Lb),(2 a),(2,b)}

and the intuitionistic algebraic sum and product is

S4(a,by=a+b-ab T,,(a,b)=1-(1-a")(1-b)

We start by the element 1 and we find

Sas (14 (L,2), 112 (1, 0)) T (va(d @), va(1,D))

For this

element 2, (L a) =0.2 22, (1,b) =0.5,5%(0.2,0.5) =0.2+0.5—(0.2x0.5) = 0.6
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Forva(La)=0 v,(Lb)=0.3, T/(0,0.3)—1—(1—0)1—0.3)=1—-0.7=0.3.

Hence the element 1 belongs to A, with respect to the intuitionistic algebraic sum with 0.6

degree of membership and 0.3 degree of non-membership.

For the element 2 with u (2. a) = 0.1, u,(2. ) = 0.8
S*(0.1,0.8) =0.1+0.8—(0.1x0.8) = 0.82
And for w,(2.a) =0.11,(2,5) = 0, T#(0.1,0) =1(1-0.1) 1-0) =0.1
Hence the element 2 belongs to A, with 0.82 degree of membership and 0.1 degree of non-
membership. Thus A, ={(1,0.6,0.3),¢(2,0.82,0.1)}.
The second part we want to find the cylindric extension of A,

}T_r = {{(I,}Tj,jtﬂx(xj, UAIEI) }:(erj EX X P}

= (@), ttp, @ va, ) (WD), sty @), v, D),

((2,2), 44, (2),Va, (2) (2D), 12, (2),v,, (20}

((2,b),0.82,0.l>}.
Now we propose the relation between the Cartesian product and intersection of cylindric
fuzzy sets by the following lemma.
Lemma3.6Let@be an intuitionistic fuzzy relation inlf, X U, ... X U and@,, ..., @, be its
projection only, ..., U, respectively.Then @ € @, X @.,....X @, we use minimum (denoted
by *) for T-norm in
B, Quugy M1s s tin) = B, AL ...*.uqu{uﬂ}
and use maximum for s-norm (denoted byx)
Vg gany @ar e tin) = vlu)s rvg (uy) Of @ X X Q,

Proof
From the definition of the projection of an intuitionistic fuzzy relation we have

pgp g, 1o tty,) = max g (aty, sty Jand Vo [1¢!1, s u!L_) = min v, (g, .., )(1)

where {uﬂ ce ) 3 £S the complement of {u,—l. .. uz, 3 With respect tofu;, ..., uy, ).

Vg, [1¢!1,... , ”m.) = min vy, (uy, .., u,
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Also from the definition of the cylindric extension of an intuitionistic fuzzy set we have

tgpe Qg tty) = ng, (g 00z, ) and Vgng (uy, s ity,) = va[uh' . u!y) [u!], s IL,J[E] .

Substituting (1)into (2) we have
Hopg (Uys oostty) = max prg (uy, ., u,) and v, (uy, ..., uy,) = min vg (uy, ... )

u; € I{J-E-wu}-,:n_k;, €EUjin—r).

Hence, @ € @,z forall i=1, 2...,n where Q,zis the cylindric extension of Q;
tolU, X Uy .. X U,
Therefore by writing minimum-maximum for intersection, we have

QC Qe NQyp . NQug =@y X gy, X Q.

Proposition3.7Let A and B be normal intuitionistic fuzzy sets (is an intuitionistic fuzzy sets
which have height equal one and depth equal to zero), in the universe of discourse X and Y
respectively. Then the projection of intuitionistic fuzzy relation (A% B)on X
is0,.(A x B) = 4, and the projection

of intuitionistic fuzzy relation (AxB) on Y is Q,(AxB) =B

Proof:
Ho, (x) = max(pg,5( 2.¥))=max(p,( x) A pg(¥))
veY yEY
= min (5 ( ), max(pg(y)))= min (4 (x), 1)
yEY yvEY
= tp (X).
and we have

vg (%) = min(vy,z (2 v))= min(v,( x) Avz(y))

yeYVY yveEYVY
= max(v,( x), min(vg (¥)))= max(v,(x).0)
YEY yEY
=v, (X).

As a result, we have Q,(AxB)=A _ Similarly we can proof Q,(AxB)=B

Mo, (v) = max(pa,z( % ¥))= max(p,( x) A pg(y))
xeX xe X
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= min( max(u,( x), (ug(¥)))= min( 1, uz(v))
xe X xeX

=15 (Y).

We have

gy () = Min(yas( %,3))= min(us( ) Av 5(3))
xEX x€eX

= max( min(v,( x)),vg(¥))= max(0,vg(¥v))
XEX xeE X

=vg(Y).
Thus Q ,(AxB)=B.
We now propose the composition of intuitionistic fuzzy relation; first we need to proof the
following lemma to state the definition of the composition of intuitionistic fuzzy relation

Lemma 3.8P e Qis the composition of pu,v) and Qv,w)if and only if

— max

Bpog (x,2) = 55 t(pp(x,¥), 1o (3, 2))
Vpog (%, 2) = JE7 s(vp (. 1), v, (.2)). (%)
For any (x.¥) € U x Wwhere t is any t-norm and s is any s-norm.
Proof: We first show that if P o (Qis the composition according to the definition then (*) is

true.

If P = Q is the composition, then(x, z) € P = Qimplies that there exists ¥ € V such that

1, (%, y) =1andv,(y, z) and also v (x,y) =0andv, (X, z) = 0, Hence

— mins

.pr@ [x,Zj — —  yeV [H_P(x ,}Fj, HQ (_FV,Z)]
andv,, . (x,z) = 0 = 7L% s(v, (x,3), vy (v, 2)). That is (*) is true.

If (x, ) P o Qthen for anyy € Veither 4, (x,y)=00r u,(y,z)=0 and also either

V(%) =10T vo(y,2)=1.

Hence Hyoq(x,2) = 0= &5 [up(x,¥), pg(y,2)]
and v, (x,2) = 1 = "3 [1p (x,3), v (3, 2)],
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therefore(*) is true. For any (x,z) EUxW, if (*) is true, then (x,y) € F e Qimplies

ey PRERS) #o(3,2)] = 1, and mins [ve(x,y), vo(3.2)] = 0, which means that
there

exists at least one ¥ € Vsuch that 4 (X, ¥) = (¥, 2) =1 and v (X, y) = v, (Y, 2) =0

For(X, Z) ¢ P © Qwe have from (*) that

maxt (e G ), (v, 2)] = 0,

Moy [ve (.3, v 2)] = 1,

Which means that there is noy € vsuch that 1z, (X, ) = 14, (y, z) =1and

alsov, (x,y) =v,(y,z) =0. Therefore (*) implies that P @ is the composition.
Now we generalize the concept of composition of intuitionistic fuzzy relation by using
Lemma 3.8

Definition3.9The composition of intuitionistic of fuzzy relations P(U,V) and Q(V,W),

denoted by P e @), is defined as an intuitionistic fuzzy relation inJ x W whose membership

function and non-membership function are
Hpog (x,2z) = ew t(u p(xr}’)rﬂq (3:2)), Vpog (x,2) = ;ﬂé:; s(vp(x,y), vg (¥, 2))
For any (x, z) eU xW Where t is any t-norm.

Similar to the fuzzy case, we give two cases of the composition of intuitionistic fuzzy
relations which we call the max-min composition and the max-product composition which
are defined as follows.

e The max-min composition of intuitionistic fuzzy relations P(U,V) and Q(V,W)is an
intuitionistic fuzzy relations P e (Jin UxW defined by the membership function and non-
membership function

Hooq (%, 2) = maxmin 445 (X, ). g (¥:2) ] Veag (X, 2) =min max| v, (x,y),vo(y.2) |

where (x,z) eU xW .

e The max-product composition of intuitionistic fuzzy relation P(U,V) and Q(v,wW)
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is an intuitionistic fuzzy relation P Qin UxW defined by the membership function and non-

member ship function
Hooq (%, 2) =MaX[ 1y (%, Y) 1 (¥:2) ] Vpoo (%, 2) =min [ v, (X, Y) v (y, 2) ]

Example 3.10Consider two intuitionistic fuzzy relations defined by the relation matrices.

1 0 07 0 1 02
fy =03 02 0 Ve, =|01 0 1
0 05 1 0 02 0

06 06 O 01 0 1
4y =| 0 06 01 ve,=| 0 02 0
0 01 O 02 03 1
Hooq (%,2) =M 415(%,¥) £ (¥:2) | Voo (X, 2) =min [ v, (x, V) v (¥, 2) ]

1 0 07) (06 06 O
Hose,=|03 02 0 [o| 0 06 01

0 05 1 0 01 O

We compute the max-product composition.

v ((0.3)(0.6),(0.2)(0),(0)(0)) v ((0.3)(0.6),(0.2)(0.6),(0)(0.1)) v ((0.3)(0),(0.2)(0.1),(0)(0))

[v((1)(0-6)1(0)(0),(0-7)(0)) v (1)(0.6),(0)(0.6),(0.7)(0.) v (1)(0),(0)(0.1),(0.7)(0)) J
v ((0)(0.6),(0.5)(0),M(0)) v ((0)(0.6),(0.5)(0.6),()(0.1)) v ((0)(0),(0.5)(0.1)(0),(0.1)(0))

06 06 O
=019 0.18 0.02

0 03 0.05

0 1 02)(01 0 1
Vowo,=|01 0 1 fo| 0 02 0.2
4 02 01) (03 03 1

A[(0)(0.1),(1)(0).(02)(0.3)] A[(0)(0),(1)(02).(02)(03)] A[(0)(1),(1)(02),(02)(1)]
—| al(o1)(01),0,(1)(03)] A[(0)(0),(0)(02),(1)(03)] Al (01)(@).(02)1 ]
Al(2)(01).(02)(0),(0)(03)]  A[ 0,(02)(02).(0)(03) ] A[(1)(2).(02)(02),(0.0)(1)]
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00 O
=0 0 O
0 0 0.04
06 06 O 0 0 O
Thus @, = @, has =|/0.18 0.18 0.02 =0 0 O
Qe has iy o VoQ,
0 03 0.05 0 0 0.04

We now propose the composition of intuitionistic fuzzy relation is assistive by the following
theorem.

Theorem3.11Let Q be an intuitionistic fuzzy relation in XxY, and P an intuitionistic fuzzy

relation in YxZ and R an intuitionistic fuzzy relation in ZxU.

Then( @ = P)o R = @ = (P = R)where the composition between the relations is the max-min
composition.
Proof i) p(gepier(®t) = maxmin| g 0op (X Z) kg (z.1)]
= max min[max min ( pg (x, ¥).1, (3. 2)). g (2. 1)
= max max[min[ o (x y)minp, (v,2), ug (z,t)) )]
= maxmin[ ( g (x, y), max min (_up (v.2).ug (z,t)} 1]
= maxmin[( ug(%,¥), (Hpomy (7 8),) )]
= Hgo(per) (X 1).
The equality Vy.(p.g) (. t)is computed as follows

Vigopyer (Xrt) = minmax[ Voop (X, Z) Vg [z,t]]
= min (max[min max( Vo (4, ¥), v, (3.2)),vg (2:)) )]

=min (min[ max(vg (x,¥), max(v,(y.2),vg (z.8)])
= min ( ma}-c[v@I (x,7v),min max[ vp[}r,z]), vz (z,t)])
= minmax ['u@ (%, ¥), (vp.r (3.1),) )]

= Vgu(pog) (%,t). Therefore (QeP)eR =@ = (PeR), where(x,z)eUxW .



o

University of Benghazi ol dxaly
Faculty of Education Almarj 3 asall — &gyl &412
Global Libyan Journa) ISSN 2518-5845

Global Libyan Journal dgallell dgy il lyall

2023 | spangs [ gozpall suzll

4.Conclusion

In this paper, we have defined the Cartesian product of intuitionistic fuzzy sets and introduce
the concepts of intuitionistic fuzzy relation and projection, cylindric extension and the
composition of intuitionistic fuzzy relations.
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