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Highlights

e Statistical shape analysis is a very elegant framework for analyzing 2D and 3D labelled or unlabelled shape profile points
including anatomical, mathematical, pseudo and semi-landmarks data, outline data, elastic curves, surfaces, curvature,
ridges, solid shape and torsion data.

e Two modified saddlepoint approximation techniques have been proposed to improve the accuracy rates of approximation
for the undefined normalizing constant of the CBQ distribution.

e The ISPA method seems more accurate than the SPIA method for approximating the normalizing constant of the CBQ pla-
nar shape distribution.

e The upgraded CVISPA and CVSPIA methods for the normalizing constant of the CBQ distribution numerically work better
than ISPA and SPIA methods that have disregarded a change of variable with a slight reduction in computer time as well
as with comparative ratios attain unity under high concentrations.
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The complex Bingham quartic (CBQ) distribution is defined on the unit complex sphere in C*~?
and it is relevant for the statistical shape analysis of a k-point landmark data in 2D. This ex-
tended the Fisher distribution on the unit spherical shape space $?(1/2). The complex Bing-
ham quartic (CBQ) distribution provides suitable shape parameters to comprise anisotropy.
Under high concentrations, it looks like a multivariate Gaussian normal distribution but the
main drawback of this planar shape distribution is that its normalizing constant does not have
a simple closed explicit form representation. The present paper provides a modified approxi-
mation procedure for the indeterminate normalizing constant of the CBQ distribution based
on saddlepoint approximations with a change of variable scheme. The modified saddlepoint
approximations under a change of variable seem more precise as compared with the saddle-
point approximations without a change of variable approach.
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1. Introduction Ky (u) = log My (w). (2)

Modern statistical methods use models that require the compu-
tation of probabilities from complicated distributions, which can
lead to intractable computations. Saddlepoint approximations can
be the answer (Butler, 2007). Although the theory of saddlepoint
approximations is quite complex, use of the approximations is
fairly straightforward. The saddlepoint method provides an accu-
rate approximation to the density or the distribution of a statistic,
even for small tail probabilities and with very small sample sizes.
This accuracy is seen not only in numerical work, but also in theo-
retical calculations. The basis of this method is to overcome the in-
adequacy of the normal approximation in the tails by tilting the
random variable of interest in such a way that the normal approxi-
mation is evaluated at a point near the mean (Paolella, 2007).

1.1 Background Ideas

The moment generating function or the cumulant transform,
My (), at a point u = 0 for a probability density function f(x) is
defined as

My (u) =J_ exp(ux)f(x)dx. (€Y

Besides, the cumulant generating function, Ky (w), is defined as

From Ky (u), one can obtain f(x) using the Fourier inversion
formula (Feller, 1991; Billingsley, 1995)

FGO) = 5 f ::oexp(KX(z) _ ) dz, ®

where z = u + iy and i = ¥—1 is the imaginary unit with assuming
that Ky(u) is an integrable function (e.g, Huzurbazer, 1999;
Stalker, 2009 and Wintner, 2013).

1.2 Simple Saddlepoint Approximations

The key to the saddlepoint method is to choose the path of in-
tegration, i.e, u in Eq. 3. Consider the following choice: set u =
u(x) € R that satisfies the following saddlepoint equation

Ky(u) —x = 0. (4)

According to Daniels (1954) and Field and Ronchetti (1990)
the saddlepoint equation Eq. 4 has a unique real root u > 0 in the
legitimate supportu; < u < u, whereu, = 0 and u, = 0 for every
a < x < b. Such a point u is neither a maximum nor minimum but
a saddlepoint (Fig.1) of Kx (u) — ux so that My (u) = exp(Kx(w)) <
o0, Ky (w) is a strictly increasing function of u and Ky (u) < oo is con-
Vex.
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Fig. 1. Graphical representation of local minimum, local maximum and saddlepoints.

The unnormalized first-order saddlepoint approximation to

fx)is

1 1/2
) = —— exp(Kx (@) — 1ix). 5
A () <2ﬂKx(u)> p(Kx (1) ) (5)
Its error of approximation is much better than the Taylor series ap-
proximation to a function (Goutis and Casella, 1999).

1.3 Refined Saddlepoint Approximations

The saddlepoint approximation is optimal in the sense that it is
based on the highly efficient numerical method of steepest de-
scents and this efficiency can be improved using higher order ex-
pansions. Higher-order saddlepoint expansions can be obtained by
expanding the function g(u) = Ky(u) — ux around u to a higher or-
der using Taylor series expansion. The unnormalized second-order
saddlepoint approximation to f(x) is

R R 5
mm=mm@+§mm—ﬁ@@) ©)

where k(@ = K@/ (K@) and (@ = KO @/K; @
(Kolassa, 1997; Goutis and Casella, 1999). The unnormalized first-
order saddlepoint approximation function f; (x) in Eq. 5 and the
unnormalized second-order saddlepoint approximation function
£>(x) in Eq. 6 will not, in general, integrate to one, although it will
usually not be far off and can be improved by renormalization.

1.4 Complex Bingham Quartic Distribution

The complex Bingham (CB) distribution described by Kent
(1994) is a suitable distribution for modelling shapes. For example,
to assess the effects of selection for body weight on the shape of
mouse vertebrae into control, large and small groups of mice when
a random sample of landmark configurations is available in 2D.
Also, if it is of interest to study any shape differences in the brain
between a group of schizophrenic patients and a group of normal
individuals or for postcode recognition in image analysis or for pro-
tein matching in bioinformatics, planar statistical shape analysis
provides a very elegant framework for the analysis of such 2D
shape data (Dryden and Mardia, 2016).

Under high concentrations the complex Bingham (CB) distribu-
tion has a complex normal distribution with isotropy (=
02I,,_3) where k is the number of labelled landmarks. The com-
plex Bingham quartic (CBQ) distribution can be constructed by
adding a quartic term to the complex Bingham (CB) density. The
motivation behind the CBQ distribution was to develop a distribu-
tion centred at the CB distribution, which includes anisotropy i.e., a
full multivariate Gaussian distribution under high concentrations.

Let CS*¥2= {z: (21,29, , 2k )7, 2°2 = Z;‘;}|zj|2 = 1} de-

notes the unit complex sphere in C¥~. The complex Bingham (CB)
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density on C S¥=2 = §2¥=3 denoted CBj_,(A) can be written in the
form: f(z) = ccg(A) 'exp(z*Az), z € CS*72,

where z* represents the complex conjugate of the transpose of the
complex pre-shape vector z,the matrix 4 is (k — 1) x (k — 1) Her-
mitian (i.e.,, A = A*) and c¢cg(4) is the normalizing constant (Dry-
den and Mardia, 2016).

The complex Bingham quartic (CBQ) density function centred
at the north pole (0, 0,---,1)T with respect to the uniform measure
on € $¥=2, denoted CBQ_,(R, 4, B) can be written in terms of the
partial Procrustes tangent coordinates v by

f(@) = ccao(@ " exp (vAV + (1 - v'V)Re(V BY)), 7
where Q is a 2k — 4) x (2k — 4)-dimensional real symmetric (re-
duced) concentration matrix, A and B are (k — 2) X (k — 2) com-
plex Hermitian matrices and ccpq(€) is the normalizing constant
(Kent et al,, 2006). For k landmarks in 2 dimensions there are
(2k — 4) mean parameters and (2k — 4) X (2k — 3)/2 covariance
parameters that are identifiable.

The CBQ density on C S¥~2 can also be rewritten in (2k — 4)-
dimensional real coordinates (Kent et al., 2006)

x= (Re(m)",Im(v)")" ®)
by
(@) = ccag(®lexp (—3(xTQx — XX %)) ©)
where

Q(as) —
1 (911 — Q2 Q2+ 9-21)
2\Qz1+ Q1 Q11— Q2

is a (k — 2) x (k — 2) real symmetric matrix that summarizes the
whole anti-complex-symmetric information in the reduced concen-
tration matrix Q of the CBQ planar shape distribution.

According to Kent et al. (2006) the normalizing constant of the
complex Bingham quartic (CBQ) can be derived as

1
cco(®@) = nf cBing(‘P(s))sk_3 ds, (11)
0
where
1
P(s) = —E(sﬂ+ s20@9), 0 <s <1, (12)

is also a real symmetric (2k — 4) X (2k — 4) matrix and cgjng(*) is
the normalizing constant of the real Bingham distribution on §2¥=2,
Thus, the normalizing constant for the complex Bingham quartic
(CBQ) distribution has been reduced to a one-dimensional integral
of normalizing constants for the Bingham distribution.

So far, no closed form of representation for the normalizing
constant of the complex Bingham quartic distribution ccpq(Q) is
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known. The search for numerical techniques of optimal approxima-
tion for ccpq () is an indispensable aim of full identification.

1.5 Objectives

The main purpose of this article is to modify two proposed sad-
dlepoint approximation methods for the normalizing constant of
the complex Bingham quartic distribution ccgq(Q) that appeared
in Ganeiber and Kent (2010) viz., the second order integrated sad-
dlepoint approximations (ISPA) and the second order saddlepoint
approximations of integration (SPAI). The technique of changing of
variables has been used in the present process of modification. The
target aims of the current scheme of changing of variable are

To simplify the numerical integration method using Gauss-Le-
gendre quadrature rule with equal or unequal weights and
uniformly abscissas or nodes.

To improve (or develop) the accuracy of performance of the
ISPA and SPAI techniques with an extra closeness of their nu-
merical results under either low or high concentrations.

Materials and Methods

Consider the real Bingham distribution on the unit sphere S¥=2
ie, [[x|| = xTx = 1 with parameter matrix A where A = TAIT is a
(k — 1) x (k — 1) symmetric matrix with a diagonal non-zero ei-
genvalues matrix A = diag(4, 15, -+, Ax_;) and an orthogonal ma-
trix I whose columns are standardized eigenvectors. According to
Ganeiber and Kent (2010) the normalizing constant for the real
Bingham distribution cgjng(A) can be rewritten as a function of a
probability density function of a convolution central scaled chi
squared y? variates, f(1,A). More specifically,

(Zﬂ)(k—l)/z

Cping(A) = T2A[Z

f(1,A). (13)
Kent et al. (2006) have shown that the second order saddle-
point approximation for the normalizing constant of the real Bing-

ham distribution is given by

X exp (—ﬁ + %K4(ﬁ) - %x%(ﬁ)),

2k—4 1/2

Sring() = |20~/ @) | [ i - @)
i=1

(14)

where A; are the eigenvalues of —A.

The normalizing constant for the complex Bingham quartic
(CBQ) can be mathematically written as asymptotic representation
defined by

ccp(Q) = HZ wiCping(¥(s))sf 3. (15)
=1

Under low concentrations, the uniform nodes are suitable to eval-
uate numerically the integrand in Eq. 11. On the other hand, further
care is needed under high concentrations to suit the behaviour of

CBing(lp(Si))-
2.1 ISPA and SPIA Methods

Two methods are explored in Ganeiber and Kent (2010) to eval-
uate the normalizing constant of the CBQ distribution based on the
saddlepoint approximations. The first approach is an integrated
saddlepoint approximation (ISPA) in which cBing(‘P(si)) is approx-
imated by the corresponding second-order saddlepoint approxi-
mation and then evaluate the integral numerically using Gauss-Le-
gendre quadrature rule with unequal weights and non-uniform ab-
scissas or nodes. The second suggestion is the saddlepoint of inte-
gration approximation (SPIA) i.e., evaluating the integration nu-
merically and next applying the second-order saddlepoint approx-
imation.

25

One notable drawback of the numerical quadrature is the need
to pre-compute (or look up) the requisite weights and nodes. Uni-
form nodes are not a suitable choice to compute numerically the
integrand function in Eq. 11 for the normalizing constant of the
complex Bingham quartic (CBQ) distribution, especially for k > 3
and under high concentrations. Under maximum concentrations,
CBing(‘P(si))sik_3 gets steeper/has a sharp peak, which is impera-
tive to carefully choose a smaller subinterval width h over the in-
terval [0,1] for achieving acceptable accuracy.

2.2 ISPA and SPIA Methods with a Change of Variable

A change of variable scheme is an alternative statistical tech-
nique to overcome the drawbacks of implementing the Gauss-Le-
gendre quadrature rule under either low or high concentrations.
Uniform nodes and equal or unequally weights can be used under
the scheme of a change of variable. This approach will simplify the
numerical integration technique under consideration as well as a
high acceptable accuracy can be attained.

It is known in multivariate analysis that the quadratic form
x"Q x has the same distribution asy”A y = Y¥- 1;y? where y; are
independent standardized normal variables and A is a (k — 1) X
(k — 1) diagonal matrix of the eigenvalues, 1; < 1, < -+ < A_q, of
the concentration matrix - Q (see, Mardia, et al,, 1979). So, without
loss of generality, it can be assumed that Q = diag(1;, 1, -+, A1)
and then v = Y¥21 1, ¥Z holds as well as it can also be approximated
by AxZ_, with probability density function

! v “lexp (
20=1/21((k — 1)/2)

(k-1)

f) =

1
—Ev), 0<v<oo,

and cumulative density function
k—1v
_ V( 2 '7)
r((k—1)/2)

where I'(+) is the gamma function and

/(3 = (@ 5R) () (-27)

k—1)/2

F(v)

2

(v/2y
S0

j=Tr 5

is the lower incomplete gamma function (Abramowitz and Stegun,
1972).

The normalizing constant for the complex Bingham quartic
(CBQ) in Eq. 11 can be rewritten as

1
cen(@ =7 f h(s)f (s) ds, (16)
0
where
] k-3
h(s) = CBmg(‘P(S))S 17)

f(s)

Let T = F(s) and dt = f(s)ds. For the purpose of changing of
variable it is necessary to choose the probability density function
f(s) so that the function h(s) will be nearly constant. A good test
case is Q@) = 0 and Q = cl, a multiple of the identity matrix with
¢ > 0. The expression of ccgq(Q) in Eq. 16 can be rewritten as

1
ccpo(Q) = nf h(s(x)) dr. (18)
0

In practice, one can use the quadrature rules to approximate
the definite integral in Eq. 18 by a summation of the form

CCBQ(Q) =~ TTZ Wlh(‘l’(sl)) (19)
i=1
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The normalizing constant of the real Bingham distribution in
Eq. 13 can be simplified as

(2m)*k-1/2 1
_ k-1, 1_
X A(q’(si)) 2 Texp (—El(‘l’(si)))

200721 ((k — 1)/2)

CBing(qj(Si)) = 2% (5|72

(20)

Let a = tr(Q) and
1
k-1

/Tl' = tr(‘l’(si))

1
tr <— 2 (s:Q+ s2Q@ ))

_ a
T T2k—D%®

where tr(2@)) = 0. Moreover,

k-1

1 1/2
2RI =VE |- 5 (s + 570)

1/2

1

i

and the normalizing constant in Eq. 20 becomes

1
Si)'

5

si (k-1)/2

LR

2

CBing(qj(Si)) = cgsf"zexp( 21

where

(k—1)

V2V ()

al((k —1)/2)

-1

Cq

and

5= =1
a

Notice that the final representation for the normalizing constant of
the real Bingham distribution in Eq. 21 is proportional to the prob-
ability density function of gamma distribution with scale and shape
parameters (k — 1)/2 and &, respectively. Thus, the normalizing
constant for the complex Bingham quartic (CBQ) distribution in Eq.
19 reduces to

(k—1)

(k-1) -1

> a

V2n —_—_—
ccpe(@) =7 z w; a[‘(<2((:+11))))

n

i=1

1

2k-5
4(k—1)

X s{ 7 exp (—

asi) .
Notice also that the last expression of h(¥(s;)) in Eq. 22 is propor-
tional to the probability density function of gamma distribution
with scale and shape parameters 2k — 4 and §, respectively. So, the
integral of a gamma density function over the interval [0,1] is less
than 1. Thus, the function h(‘l’(si)) must be truncated over the in-
terval [0,1],

(22)

h(‘P(SL))

W (Ps0) == e, (23)

where

26

(=

(k-1)
2

a

(za=D)
ar (52)

1V2m

s@k=2)-1

HQ) =f0

1
Tak-D/a’

with distribution function H*(¥(s;)) = H(¥(s))/H(D).

) ds,

For the purpose of suitable numerical integration, it is straight-
, i=12,---,n with the fol-

X exp(

forward to use equal weights w; = %
lowing suggested nodes
i—05

s;= H (7)) = H! ( - ) (24)
The cumulative distribution function H*(s) is strictly increas-
ing. Therefore, the equation

H*(s) =1,

0<7t<1

(25)

has a unique solution, s = &, say, and H*~1(7) is the unique quan-
tile of order 7 for the scaled/truncated gamma distribution and it
is also an increasing function over the interval [0,1] (David and Na-

garaja, 2003).

The integrated saddlepoint approximation (ISPA) for the com-
plex Bingham quartic (CBQ) distribution ¢¢cgq,cvispa (), say, can be
evaluated by finding firstly the second-order saddlepoint approxi-
mation for the truncated gamma distribution in Eq. 23 and next
evaluating the numerical integration for the obtained saddlepoint
approximation with equal weights and uniform nodes or abscissas.
Let

CCBQ(Q) = TTZ Wih*(‘l’(si)). (26)
Then =
Ccocvispa (@) = ﬂz wih*(P(sy)). (27)

i=1

The saddlepoint of integration approximation (SPIA) for the
complex Bingham quartic (CBQ) distribution écpq,cvspia (), say,
can be evaluated by finding firstly the integration numerically with
equal weights and uniform nodes or abscissas and therewith ap-
plying the second-order saddlepoint approximation. Let

g =7 ) wih(¥(s)).  (28)
i=1

The cumulant generating function, Kg(ﬁ;‘l’(si)) for g(1) is
given by

1 \2
- exp(K, —1)x(1+T), (29
2n1<> p(K, — ) x (1+T), (29)

Ky (i1; ¥) = log [nz w;exp (Ki(ﬁ; w(sy)

i=1

and

Cepgevseia(@) = g(1) = (

g
where
1 5
T = §K4(u) - ﬁlcg(u).

In triangle case of k = 3 unlabelled or labelled landmarks data,
the (2k — 4) x (2k — 4) concentration matrix Q reducestoa2 x 2
diagonal matrix of the form

(5 )

0 A
and ¥(s) becomes
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1
2

0

¥ = As(1— s) + 7\152>'

(7\15(1 — )+ Ays?
0

According to Kent (1982) and Kent et al., (2006), the relation-
ship between the normalizing constant of the complex Bingham
quartic distribution ccpq() and the normalizing constant of the
5-parameter Fisher-Bingham (FB5) or Kent distribution cggs(k, 8)
is given by

ccp() = gexp(—x) crps(x, ), (30)

where k > 0 represents the concentration parameter and 0 < § <
K /2 (unimodality case) determines the ovalness or the ellipticity of
the contours of the distribution. Moreover, the concentration x and
ovalness § parameters for the FB5 distribution and the concentra-
tion parameters, A; and A, = A; for the CBQ distribution are related
by

1
K= 5(7\1 +22),

and
_ 1
T 16

The normalizing constant for the 5-parameter Fisher-Bingham
(FB5) is defined as
1
U+2) (L
2

ry+ .

—ﬁzl

rG+1)
where Iy, is the modified Bessel function and I'() is the gamma
function (Kent, 1982).

B A2 — 0.

—2ij

2
crps (e, f) = ZHZ ) 12j+%(x)’ GD
]:

For k > 3, a simple closed form representation for the true
ccpq(Q) is not available. For example, in the case of k = 4 land-
marks data, the (2k —4) x (2k — 4) concentration matrix Q re-
duces to a 4 X 4 diagonal matrix of the form

AN 000
02X 00
002 0
000 2

and saddlepoint approximations for ccpq() are needed with or
without a change of variable approach.

3. Results and Discussions

Practical performance assessments for the second-order sad-
dlepoint approximations with and without a change of variable
scheme are required.

For k = 3 labelled landmarks data, Table 1 shows numerical re-
sults of the exact value of ccpq(), second- order integrated sad-
dlepoint approximation Ccpq,ispa(£2), second-order saddlepoint of
integration approximation, ¢cgqspia (), second- order integrated
saddlepoint approximation (ISPA) with a change of varia-
ble, ¢cpo,cvispa (@) and second-order saddlepoint integration ap-
proximation (SPIA) with a change of variable, cgq cyspia (R) with
various values of k, f = 0.4k, A1, A, and n = 1000. Evaluating the
exact values for the normalizing constant of the Kent distribution
cpps (i, B) in Eq. 31 is carried out using the R function £b5. se-
ries, which accompanies Kent (1982). Both lcpqispa() and
Ccpospia(Q) give less precise estimates when the concentration
parameters A; and A, tend to zero. Furthermore, both
Ccpoevispa () and Ecpq cvspia () have improved the numerical
estimations of ccpq() under either low or high concentrations as
compared to cpqispa(R) and Ecpqspia(R2) without a change of
variable scheme. Fig. 1 plots the exact values of ccgq(2) along with
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the numerical results of the 4 saddlepoint approximation ap-
proaches, 2 without a change of variable and 2 with a change of
variable scheme. As the concentration parameters into Q tend to
infinity, the ratios between Ccpqispa(R),  Ccpospia(),
éCBQCVISPA(Q) and éCBQCVSPIA(Q) and the true values of CCBQ(Q)
tend to unity and these results agree with that of Kume and Wood
(2005), i.e.,

. Ccpqispa(®) Ccpqspia(Q)
lim — _1
K—00 CCBQ(Q) K—00 CCBQ(Q)
and
lim ¢ceocvispa(Q) _ Ecpo.cvspia (@) .
Koo cepq(Q) koo Ccepo(Q) .

These practical remarks are shown in Fig. 2.

Table 1

Numerical results of the true values of ccgq(2) and four proposed saddle-
point approximation techniques (Triangle case, k = 3).

M A K B CcBQ écBo écBo CcBq CcBq
True ISPA SPIA CVISPA  CVSPIA
0.4 3.6 0.5 0.2 19.89 1256 1192 14.41 12.22
1.6 14.4 2 0.8 8.22 5.41 5.07 6.11 5.12
36 5 2 3.29 2.34 2.22 2.68 2.35
72 10 4 1.65 1.29 1.21 1.33 1.26
12 108 15 6 1.09 0.90 0.85 0.94 0.86
20 180 25 10 0.66 0.57 0.55 0.59 0.57
60 540 75 30 0.22 0.20 0.19 0.21 0.20
80 720 100 40 0.17 0.15 0.14 0.16 0.15
100 900 125 50 0.14 0.12 0.11 0.13 0.12
140 1260 175 70 0.10 0.08 0.08 0.09 0.08
160 1440 200 80 0.09 0.07 0.07 0.08 0.07
200 1800 250 100 0.08 0.06 0.06 0.07 0.07
220 1980 275 110 0.07 0.05 0.05 0.07 0.06
400 3600 500 200 0.03 0.04 0.04 0.03 0.03
(=T
o™
= True Normalizing Constant
— = ISPA
--- SPIA
[m] - — CVISPA
g W = CVSPIA
=
S
Z o |
s =
(&)
£
-‘E
s 7
=
o
T T T T T T T
2 4 6 8 10 12 14

Index

Fig. 1. Graphical representation for the numerical results of the true values
of ccpq(Q) along with the numerical results of the four proposed saddle-

point approximation methods.
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100 200 300 400 500

Fig. 2. Graphical representation for the ratios of the four saddlepoint ap-
proximation approaches with the true values of ccpq ().

For k = 4 labelled landmarks data of two dimensions, Table 2
shows numerical outputs of ¢Ecpqispa(R),  Ccpgspia(),
Ccpocvispa () and Ccpg cvspia (@) with different values of low and
high concentration parametersandn = 1000. All results of saddle-
point approximation methods under consideration are close to
each other under high concentrations. However, the differences be-
tween Ccpo,cvispa (@) and Ecpqcvspia(R) are closer than that  of
€CBQ,ISPA(Q) and éCBQ,SPIA(Q)' It can be used the system. time
function in R environment as a rough benchmark to compare the 4
saddlepoint approximation schemes with respect to the fastness of
getting their numerical outputs. With increasing A4, A5, A3 and A4,
the second-order saddlepoint integration approximation
(SPIA), écpqspia(Q) and second-order saddlepoint integration ap-
proximation (SPIA) with a change of variable, ¢cpq,cvspia(®) are
faster than the second- order integrated saddlepoint approxima-
tion (ISPA), écpquspa(®) and second-order integrated saddle-
point approximation (ISPA) with a change of varia-
ble, écpq cvispa ().

4. Conclusions

In summary, the proposed saddlepoint approximation methods
for the normalizing constant of the complex Bingham quartic dis-
tribution ccpq(2) work well with or without a change of variable.
Even though all the methods are based on second order saddle-
point approximations, nevertheless in practice the integrated sad-
dlepoint approximation (ISPA) technique is more accurate than the
saddlepoint integration approximation (SPIA) technique but the
latter could be used for all concentration parameters of the com-
plex Bingham quartic distribution with a slight reduction in com-
puter time.

A change of variable scheme under second-order saddlepoint
approximations has simplified the numerical integration method
using Gauss-Legendre quadrature rule with equal or unequal
weights and uniformly abscissas or nodes. It also has improved the
precision rates of approximation for ccgq() with an extra close-
ness of their numerical outputs under either low or high concen-
trations. For k > 3 labelled or unlabelled landmarks data in 2D, the
four proposed saddlepoint approximation methods with and with-
out a change of variable scheme yield reasonable and extremely ac-
curate approximations to the normalizing constant of the CBQ dis-
tribution over the whole range of choices for the reduced concen-
tration matrix Q with comparative ratios rise to unity when the
concentration parameters tend to infinity.
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Table 2

Numerical outputs of the four suggested saddlepoint approximation
techniques (k = 4) for ccgq(Q).

Moo A A3 A b Ceog CceBq CcBq
ISPA SPIA CVISPA CVSPIA

1 0 0 0 15.24 13.22 16.04 1491

1 1 0 0 1491 1291 14.98 13.89

1 1 1 0 14.55 12.57 14.68 13.63
10 0 0 0 3.11 2.21 3.13 2.29
10 10 0 0 2.86 2.20 291 2.31
10 10 10 0 2.54 2.01 2.67 2.16
25 0 0 0 1.01 0.87 1.06 0.94
25 25 0 0 0.97 0.85 1.01 0.90
25 25 25 0 091 0.81 0.93 0.85
50 0 0 0 0.52 0.42 0.53 0.44
50 50 0 0 0.50 0.41 0.51 0.43
50 50 50 0 0.49 0.43 0.50 0.42
100 0 0 0 0.14 0.13 0.15 0.14
100 100 0 0 0.13 0.12 0.14 0.13
100 100 100 0 0.11 0.11 0.12 0.12

Acknowledgement

First of all, praise be to ALLAH for the glory of Islam who told
us in the Holy Koran “Verily, the noblest of you, in the sight of AL-
LAH, is the best in conduct and ALLAH has full knowledge and is
well acquainted” [Koran XLIX: 13]. Next, | am grateful to Distin-
guished Professor John Kent, Head Department of Statistics, Uni-
versity of Leeds, UK for giving me direct access to his R routines
that effectively facilitated to the numerical evaluation of the first-
order and second-order integrated saddlepoint approximations
(ISPA) as well as for his valuable and constructive help during the
advanced statistical work on the approach of change of variable.

References

Abramowitz, M. and Stegun, [. A. (1972) Handbook of Mathematical
Functions, with Formulas, Graphs and Mathematical Tables.
Tenth Edition, Dover Publications, Inc., New York, USA.

Billingsley, P. (1995) Probability and Measure. Third Edition, John
Wiley & Sons, New York, USA.

Butler, R. W. (2007) Saddlepoint Approximations with Applica-
tions. First Edition, Cambridge University Press, Cambridge,
UK.

Daniels, H. E. (1954) ‘Saddlepoint approximations in statistics’, The
Annals of Mathematical Statistics, 25, pp. 631-650.

David, H. A. and Nagaraja, H. N. (2003) Order Statistics. First Edi-
tion, John Wiley & Sons, USA.

Dryden, I. L. and Mardia, K. V. (2016) Statistical Shape Analysis with
Applications in R. Second Edition, John Wiley and Sons, Chich-
ester. USA.

Feller, W. (1991) An Introduction to Probability Theory and its Ap-
plications. Volume 2, Second Edition, John Wiley & Sons, New
York, USA.

Field, C. A. and Ronechetti, E. M. (1990) Small Sample Asymptotics.
Institute of Mathematical Statistics, Monograph Series, 13, Hay-
ward, California, USA.



Ganeiber /Libyan Journal of Science & Technology 10:1(2019) 23-29

Ganeiber, A. M. and Kent, ]. T. (2010) Saddlepoint approximations
for the complex Bingham quartic distribution. In A. Gusnanto,
K. V. Mardia, C. Fallaize and ]. Voss (Eds.), High-throughput Se-
quencing, Proteins and Statistics, 29: 108-111, University of
Leeds Press, UK.

Goutis, C and Casella, G. (1999) ‘Explaining the Saddlepoint Ap-
proximation’, American Statistical Association, 53(3), pp. 216-
224.

Huzurbazer, S. (1999) ‘Practical Saddlepoint Approximations’,
American Statistical Association, 53(3), pp. 225-232.

Kent, ]. T. (1982) ‘The Fisher-Bingham distribution on the sphere’,
Journal of Royal Statistical Society, B(44), pp. 71-80.

Kent, J. T. (1994) ‘The complex Bingham distribution and shape
analysis’, Journal of Royal Statistical Society, B(56, pp. 285-299.

29

Kent, J. T, Mardia, K. V. and McDonnell, P. (2006) ‘The complex
Bingham quartic distribution and shape analysis’, Journal of
Royal Statistical Society, B(68, pp. 747-765.

Kolassa, J. E. (1997) Series Approximation Methods in Statistics.
Second Edition, Springer-Verlag, New York, USA.

Kume, A. and Wood, A. T. A. (2005) ‘Saddlepoint approximations
for the Bingham and Fisher-Bingham normalizing constants’,
Biometrika Trust, 92(2), pp. 465-476.

Mardia, K. V., Kent, J. T. and Bibby, ]. M. (1979) Multivariate Analy-
sis. First Edition, San Diego, Academic Press.

Paolella, M. S. (2007) Intermediate Probability: A Computational
Approach. First Edition, John Wiley and Sons, New York, USA.

Stalker, ]. (2009) Complex Analysis: Fundamentals Classical Theory
of Functions. Second Edition, Birkhduser, Berlin, Germany.

Wintner, A. (2013) The Fourier Transformations of Probability Dis-
tributions. Literary Licensing, LLC. Whitefish, USA.


https://www.bookdepository.com/publishers/Springer-Verlag-Berlin-and-Heidelberg-GmbH-Co-KG

