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1. Introduction

The notion of a b-metric space was first introduced by Czer-
wik in Czerwik, S. (1993); Czerwik, S. (1998) and then many fixed-
point results were obtained. Second hand, the notion of a 2-metric
space was instituted by Cahler in Cahler, S. (1963), similarly, sev-
eral fixed-point results were also obtained (Aghajani, A, et al,
2014; Algahtani, B., et al.,, 2018; Hicks, T. L.; et al.,, 1979). Later,
Zead Mustafa (Mustafa, Z., et al., 2014) introduced a new type of
generalized metric space called b,-metric space, as a generaliza-
tion of both 2-metric space and b-metric space. Recently, Kamran
et al, (2017) have dealt with an extended b-metric space and ob-
tained unique fixed-point results.

In this paper, we introduce a new type of generalized b,-
metric space , which we call an extended b,-metric spaces, as a
generalization of both b,-metric space and extended b-metric
space. Then we verify some fixed point Theorems.

We provide some notations, definitions and auxiliary facts,
which will be need later in this paper. Throughout the manuscript,
we denote Ny = N U{0}, where N represents the positive integers.

Definition 1.1 (Samina, B, 2016) Let X be a nonempty set and
T:X — X a self-map. We say that x € X is a fixed point of T if
T(x) = x, denote by Fix(T) the set of all fixed points of T.

Definition 1.2 (Kamran et al,, 2017) Let X be a nonempty set and
6:X x X > [1,00) be a mapping.

A function dg: X X X — [ 0,0) is an extended b-metric on X if for
all x,y, z € X, the following conditions hold:

1) dg(x,y) =0ifandonlyif x =y,

2) do(x,y) =dg(y,x),

3) do(x,y) < 6(x,y)lde(x,y) +dp(y,2)].
The pair (X, dg) is called an extended b-metric space.

Example 1.1. (Kamran et al, 2017) Let X = C([a, b], R) be the
space of all continuous real valued functions defined on [a, b].

Define 8 : X2 — [1,0) by
0(x,y) = [x(O)]+ [y(©O] + 2,
and dg:X? — [0,00) by

dg (x,y) = sup |x(t) —y(®)I*
t€la,b]

Then dy is called an extended b-metric and (X, dg) is a complete
extended b-metric space.

Definition1.3. (Mustafa et al., 2014) Let X be a nonempty set, s >
1 be areal number and
d:X x X x X — R be a map satisfying the following conditions:
1) For every pair of distinct points x,y € X, there exists a
point z € X such thatd(x,y,z) # 0,
2) If at least two of three points x,y,z are the same, then
d(x,y,z) =0,
3) The symmetry: d(x,y,z) = d(x,z,y) =d(y,x,z) =
d(y,z,x) =d(z,x,y) =d(z,v,x),forallx, y,z€X.
4) The rectangle inequality: d(x,y, z) < s[d(x,y,a) +
d(y,z,a) +d(z,x,a)] forallx,y,za € X.
Then d is called a b,-metric on X and the pair (X, d) is called a b,-
metric space.

Example 1.2. (Mustafa et al., 2014) Let a mapping d: R® — [0, c0)
be defined by

d(x,y,z) = min{|lx —y|,ly — z|,|z — x|}.

Then d is a 2-metric space on R. For arbitrary real num-
bersx, y, z, a. Using convexity of the function f(x) = xP on [0, c0)
for p = 1, we obtain that

dy(x,y,2) = [minf{|x — y|, |y — z|, |z — x[}]”,
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is a b,-metric on R with s < 37~ and (R, dp) is a by-metric space.

Theorem 1.1 (Hassan, et al, 2017) Let (X, d) be a complete b,-
metric space with constant s > 1, such that b,-metric is a contin-
uous functional. Let T: X — X be a contraction having contraction
constant k € [0,1) such thatsk < 1. Then T has a unique fixed
point.

2. Main Results

In this section, we adduce a new type of generalized b,-metric
space; we call an extended b,-metric space. We also provide some
fixed-point theorems on such spaces.

Definition 2.1. Let X be a nonempty set and 6:X XX XX —
[1,00) be a mapping. A function dg:X X X X X — [0,00) is an
extended b,-metric on X if for alla, x, y, z € X, the following condi-
tions hold:

1) For every pair of distinct points x,y € X, there exists a
point z € X such thatdy(x,y,2) # 0,

2) If at least two of three points x,y,z are the same, then
dg(x,y,z) = 0.

3) The symmetry: dg(x,y,2) = dg(x,z,y) =dg(y,x,2) =
do(y,2,x) =dg(z,x,y) =dg(z,v,x), forallx, y,z€X.

4) The rectangle inequality: dg(x,y, 2) <

0(x,y,z)dg(x,y,a) + dg(y,z,a) + dg(z,x,a)] forall
x,y,z,a € X.
Then dg is called an extended b,-metric on X and the pair (X, dg)
is called an extended b,-metric space.

Remarks 2.1.
1)

It is obvious that the class of an extended b,-metric
space is larger than b,-metric space, because if
0(x,y,z) = s,for s > 1 then we obtain the definition
of a b,-metric space. Furthermore, forf(x,y,z) =s =
1, the b,-metric reduces to a 2-metric.

Using condition (1) it readily verified that for all a €

X,dg(x,y,a) = 0,thenx=y.
Example 2.1. Let X = {1,2,3,4}. Define 6 : X* — [1,00) by

2)

0(x,y,z2) =x+y+z+1,
and dg:X3 — [0,00) by

0 if at least two of x, y, z are equal,
80 if x,v,z€{1,23]},
dg (x,y,z) = 300 if x,y,z€{1,24},
l 600 if x,y,z€{134},
1000 if x,v,2z¢€{234}.

Then (X, dg) is an extended b,-metric space.
Proof

In Definition 2.1 conditions 1, 2 and 3 trivially hold. For 4, we
have

dp (1,23)=80, 6(1,23)[dg (1,24) +dg (1,34) +

dp (2,3,4)} = 13300, dy (1,3,4) =600, 6(1,34)[dy (1,32) +
dp (2,34) +dp (1,2,4)} = 12420,d, (2,3,4) =
1000,6(2,3,4)[dp (2,3,1) + dg (2,1,4) + dg (1,3,4)} = 9800,

dp (1,2,4) =300, 6(1,24)[dp (1,23) +dp (1,3,4) +

dg (2,3,4)} = 13440.

Thus forall x,y,z,a € X
do(x,y,2) < 0(x,y,z)[dg(x,y,a) + dg(y,2,a) + dg(z,x,a)].

Hence (X, dg) is an extended b,-metric space. Inspired by Exam-
ple 1.2 (Algahtani et al,, 2018), we have:

Example 2.2. Let X = [0,1]. Definef : X X X X X — [1,0) by

1+x+y+z

for all x,y,z € X.
xt+y+z

0(xyz)=

52

Anddg: X X X X X — [0, 0) by

1
(— if xyz€(01] and x#y # z,
xXyz

0 if x,v2z €[0,1] and at least two

de(x:y'z) =

of x,y,and z are equal

1
l— if xye€ (0,1] and z = 0.
xy

Then (X, dg) is an extended b,-metric space.
Proof

Obviously, conditions 1, 2 and 3 in Definition 2.1 hold. For 4, we
have the following cases:

I. Letx,y,z € (0,1]. Fora € (0,1], we have

do(x,y,2) < 6(x,y,2)[de(x,y,0) + dg(y,2,a) + dg(2x,a)]
1 l1+x+y+z x+y+z

x+y+z

o —=<
xyz

xyza
Sa<l+x+y+z
Ifa = 0,then

dg(x,y,Z) < G(X:Y'Z)[de(x»y;o) + de(}’.ZIO) + de(zlxlo)]
1 l1+x+y+z x+y+z

x+y+z

= —=<
xyz

xyz
=1<l+x+y+z

II. Let x,y € (0,1] andz = 0, fora € (0,1].

dg(x,y,0) < 0(x,y,0)[dg(x,y,a) + dg(y,0,a) + dg(0,x, a)]
1 1+x+y 1+x+y
= — < :
xy x+y xya
salx+y) <A +x+y)2
Ifa = 0,then
do(x,y,0) < 6(x,y,0)[dg(x,y,0) + dg(¥,0,0) + dg(0,x,0)]
1 1+x+y 1
&—<——
xy x+y xy
Sx+y<l+x+y.

IIIl. For x,y,z,a € [0,1] and atleasttwo of x,y and z are
equal. Let x =y, then

do(x,x,2) < 0(x,x,z)[dg(x,x,a) + dg(x,2z,a) + dg(z,x,a)]
1+2x+2z 2

2x +z
S 0<2(142x + 2).

0<

=4 —_—
xXza

Similarly, for x = z, y = z and x = y = z. In conclusion, for any
x,y,z,a € X,

de(x,y,2) <0(x,y,z)de(x,y,a) + dg(y,2,a) + dg(z,x,a)].
Hence (X, dg) is an extended b,-metric space.

Definition 2.2. Let {x, },en be a sequence in an extended b,-
metric space (X, dg).
1) A sequence {x,} is a Cauchy sequence if and only if
dg(xp, Xm,a) = 0, when n,m — . foralla € X.
2) A sequence {x,} is convergent to x € X, if for all a € X,
there exists x € X, such that rller.}o dg(xp,x,a) = 0.

3) An extended b,-metric space (X, dg) is called complete if
every Cauchy sequence is convergent sequence.

Definition 2.3. Let (X, dy) be an extended b, —metric space. The
extended b, — metric dg is called continuous if
de(xn'x'a) - 0 and de()’n,y’a) -0 = dQ(xn !ynra)
- d9 (X, Y, a),



Elmabrok & Alkaleeli/Libyan Journal of Science & Technology 8:1 (2018) 51-55

for all sequence {x, },{y, }inX and x,y,a € X.Note that, in gen-
eral a b,-metric d is not continuous functional and thus so is an
extended b,-metric dg.

Example 2.3. Let X = N Uf{co } andletd: X X X — R be defined
by

0 ifm=n,
1 1 )
d (mn) = o E| if m and n are even ormn = oo,
5 if m and n are odd and m # n,
2 othewise.

Then it is facile to see that, for all m,n,p € X, (X,d ) is a b-metric
space with s = 3 but it is not continuous, (see Hussain et al.,
(2012).

Now, let dg(x,y,z) = [min {d(x,y),d(x, z),d(y, 2)}]%. It is easy to
see that dg is an extended b,-metric space, with 6(x,y,z) = s = 3.
Now we show that dy is not continuous function. Take, x,, = 2n,
and y,, = 1. Then we have x,, = c0,y, — 1. Also,

dg(2n,0,3) = [min {d(2n, ), d(2n,3),d(3,)}]?

1 +
=— >0 asn - o,
4n?
and
do(¥p,1,3)=0->0 asn - oo.
On other hand,
dg (xn, Y, 3) = [min {d(xy,3),d (¥, 3), dCxn, y)}* = 4,

and

dg(%0,1,3) = [min {d(e0,1),d(1,3),d(e0,3)}]* = 25.
Hence,

lingo do(xn, Y, @) # dg(x,y,a).
n—
Thus, dg is not continuous function.

Lemma 2.1 Let (X, dg) be an extended b,- metric space . If dg is
continuous, then every converges sequence has a unique limit.

Definition 2.4 (Samina B., 2016) Given a mapping T: X — X and
X € X, for alln € N, the orbit of x, with respect to T is defined as

the following sequences of points,
O(xo) = {XO, TxO, vy Tnxo, e } .

Theorem 2.2 Let (X, dg) be a complete extended b,- metric space
such that dg is continuous functional. Let T: X — X satisfy,

do(Tx,Ty,a) < kdg(x,y,a), (2.1)

for all x,y,a € X, where k € [0,1) be such that for each x, €
X, limooH(xn,xm, a) <% , where x, =T"xg,n=12,... Then T
nm-

has precisely one fixed point u . Moreover, each y € X, T"y — u.

Proof
Assume first that xy € X be an arbitrary, we define the sequence

{xn} by
X0, X1 =Txqg, x3 =Tx; =T?x9, .., Xp=T"%g ... .

If x, = x,41 for some n, there is nothing to prove. Therefore,
suppose that

Xn # Xn4+q for eachn € Ny . By Eq. (2.1), we have:
dg(xp, Xp41,a) = dg(T™xo, T 1xg,a) < k™dg(xg, X1, @) (2.2)

Now, we prove that {x,,} is Cauchy sequence in X. For m > n, we
have

53

d9 (xn: Xm, a) < H(Xn' Xm» a) [dG (xn: Xm., xn+1) + dG (xm' a, xn+1)
+ d@ (a' xn'xn+1)]

= 0(xpn, X, ) [dg (X, X1, X)) + dg (X1, X, @)
+dg (xnf Xn+1, a)]

= g(xn' Xm., a) [d9 (xnv Xn+1, a) + d9 (xnv Xn+1 Xm)
+ dg (Xn41, Xm @)]

< e(xnr Xm» a)[ knde (xO'xl' a) + knd@ (xOlel x‘m) ]
+9(.Xn, Xm» a)dﬁ (Xn+1, Xm» a)'

< 0(xn, Xm, @) k™dg(x0,x1,a) + 0 (xp, Xm, @) k™dg (xg, %1, X)
+0(‘x1’li me a)e(xn+1'me a)
[ do(xniz Xni1,@) + do(Kn2, Xns1, Xm) + dg (Xpiz, X, @) 1,

<[00y, xm a)k™ +
Q(xn, Xm, a)e(xn+1'xm' a)kn+1 ]dB (xo' X1, a)

+[ 0Cxn, X, K™ + 0 (X, X, @)0 (Xyg 1, Xy K 1dg (39, X1, %)
+ 0 0n, xm, )0 (Xn41, Xm, @) dg (g2, Xm, @),
<[00y, Xm, k™ + 0 (X, Xy @) O (Xpy1, X, k™ + oo +
0(xp, Xm, @)0 (Xnt1) Xmy @) o 0 (X2, X, @) (X1, X, A)K™ 1]
(do(x0,x1,a) + dg(x0, %1, %m) ),

= (Z:r;;llkl 5‘=n0(xj;xmr a))( de (XO,Xl, a) + de (x()rxlrxm) )
23)

Also, we have:
dg (x0, %1, Xm) < 0(x0,%1, Xm)[dg (X0, X1, Xm-1) +
do (Xm-1,%Xm, X0) + do (tm—1, X, X1)]
< 0(xo, %1, Xm) [do (xo, %1, Xm—1) + k™ dg (0, %1, %0) +
k™=2dg(xy, %2,%1) ],

= 0 (xo, X1, Xm)dg (X0, X1, Xm-1)

< 6(xo, %1, Xn)0 (X0, X1, Xm—1)dg (X0, X1, Xm—2)

<

< 0(xg, %1, Xm) 0(xg, X1, Xm—1) - 0 (xg, X1, x5)dg(xg, x1,%1) = 0.

Hence, dg(xg, X1, xm) = 0.
Therefore, Eq. (2.3), becomes

m—1

d@ (xn; xm; a) S Z

i=n

i
kina(xj,xm,a) dg(xg,x1,a). (24)

j=n
Notice the inequality above is dominated by
okl H§=n9(xj,xm,a) < Ytk H§'=1 0(x j,xm a).
Since n,lr;mooe(x”'xm’ a) < %, so that the series , i, a; where,

a; = ki ]_[j'-=1 G(xj,xm, a), converges by ratio test to some s €
(0,00), for eachm € N. Let

0
i=1

i

Kkt l_[ B(x]-,xm, a) )

j=1

s
with partial sum,

i
Kt H(xj,xm,a) .

J

n
Sn - Z
i=1 =1

Thus for all, m > n, inequality Eq. (2.4) implies,

dg(Xn, Xm, @) < dg(xg,%1, @) [Sm—1 — Sp—1] (2.5)
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Letting n — oo in Eq. (2.5), we deduce that, { x,} is a Cauchy se-
quence in X. Since, X is complete, then there exist a point u € X
such that x,, = u. We have,

do(Tu,u,a) < 6(Tu,u,a)[dg(Tu, xp,,a) + dg(Tu, x,,u) +
de (u, an a)] )y = B(Tul u, a) [d9 (Tur Tnx0J a) + de (Tur TnxO,'Ll) +
de (u, an a)] ’

< 0(Tu,u,a) [kdg(u, xp_1,a) + k dg(u, xn_1, 1) + dg(u, x5, @)1
<0,asn — oo,
Thus dg(Tu,u,a) =0, foralla € X.Hence u is a fixed point of T.

For uniqueness of u: Let u, v be distinct fixed points of T, then for
alla € X, we have

do(u,v,a) = dg(Tu,Tv,a) < kdg(u,v,a),

This implies that k = 1, which is a contradiction to k € [0, 1).
Therefore u is a unique fixed point.

Definition2.5 (Samina B., 2016) Let T: X — X. A function G: X —
R is said to be T-orbitally lower semi-continuous at t € X if the
sequence {x,}c O(x,) is such that, x, - t, we have G(t) <
rlll_{rolo inf G (x,,).

Theorem 2.3 Let (X,dg) be a complete extended b,- metric
space such that dg is continuous functional. Let T:X — X and

there exists x, € X, such that
dg(Ty,T?y,a) < kdg(y,Ty,a), foreach y € 0(xy) (2.6)

where k € [ 0,1) be such that for each x, € X,
lim 6(x,, xm a) < l, and x, = T"xg,n = 1,2,.... Then T"x, —>
n,m—oo k

u (as n — ). Furthermore u is a fixed point of T if and only if
G(u) = dg(u,Tu,a) is T-orbitally lower semi-continuous at u.

Proof
We choose any x, € X be an arbitrary, define the iterative se-
quence {x,} by

Xo, X1 =Txg, X, =Tx; =T?x0,..., Xp=T"xg ...

Now for y = Tx, by successively applying inequality Eq. (2.6) we
obtain

d9 (Tnxm Tn+1x0! a) = d9 (xn! Xn+1» a) < knde (Xo, X1, a)-

Following the same procedure as in proof of Theorem 2.2, we
infer that {x,} is a Cauchy sequence in X. since X is complete,
then there exist a point u € X such that x, = T"xy — u. Assume
that G is defined as in Definition 2.5, then for all a € X,we have

do(u,Tu,a) < limir;of dg(T™xy, T 1x0, @)
n—
< lir;r11inf k™dg(xg,x1,a) =0,
thus Tu = u, and hence u is a fixed point of T.

Conversely, let u = Tu and x, € 0(xy) with x;,, = u. Then,
G(w) =dg(u,Tu,a) = 0 < liminf G(x,) = dg(T™xg, T 1xg,a).
n—oo
Example 2.4.LetX = [0,%]. Define 8 : X3 — [1,0) by
0(x,y,z2)=2+x+y+2z,
and dg:X3 — [0,00) by

dg (x,y,z) = [min{lx — yl|, |x — zl, |y — z[}]°.

Clearly, 0(x,y,a) < 3,
b,-metric space .

therefore ( X, dg) is complete extended

Define T: X — X by,
Tx =

aR

Then, we have
1
do(Tx, Ty, a) < 1 do(x,y,a) =kdg(x,y,a).

Now foreachx € X, T"x = Sin . Thus we obtain

1
; n m —
mly;lrEwB(T x,TM™x,a) <4 T
Therefore all condition of Theorem 2.2 are satisfied, hence T has a
unique fixed point.

3. An application to integral equations

There are too many applications of fixed point theorem in
mathematics, Specifically, the most widely quoted is an applica-
tion to integral equations. Inspired by Kamran, et al,, (2017), we
will use Theorem 2.2 to show that the integral equation

x(t) =g(t) +fM(t,s,x(s))ds, t,sel, I=[0,1], (3.1)
1

has a unique solution.

Let, X = C(I,R) be the space of all continuous real valued func-
tions defined on I. Note that X is a complete extended b,-metric
space by considering dg: X3 — [0,00),

do(x,y,2) = ,
{ maxmin{lx(6) = y(©)1, [x(0) = (D)1, 1y (®) - ()13} (32)
with8:X3 - [1,0) by 6(x,y,2) = | x|+ |y + 1z () |+ 3.
LetT: X — X, the operator given by:
Tx(t) = g(t) + fIM(t, s,x(s))ds, t,s€IL
Assume that the following conditions are satisfied:

i g:1 = R,and M:I x I X R = R are continuous functions,
ii. fort,s € landx,y,a € X,

|M(t, s,x(s)) - M(t, s,y(s))| <

(33)

1
5 [max min{x($) = y(&)L 1x(s) = a()1, Iy(s) - a()1}].

Theorem 3.1. Under assumptions i and ii the integral equation
Eq. (3.1) has a unique solution in X.

Proof:

Define the extended b,-metric dg: X X X X X — [0,00) as above by
Eq. (3.2). Then (X, dg) is a complete extended b,-metric space. In
addition, we define the operatorT: X — X, as given by Eq. (3.3). By
using assumptions, we obtain that:

dg(Tx,Ty,a) =
2

[max min{I7x(0) =Ty, 1Tx() = a(Ol ITy(®) = a(®)]}]

<[ITx(®) = Ty(®) 1%
:|2

= ”f (M(t,s,x(s))) ds + g(t) — f (M(t,s,y(s))) ds — g(0)
! 1

< [ﬂM(t, s,x(s)) — M(t, s,y(s))|ds] 2
1
2

< [ | 2 [max min{lx(®) = y(OL 1 (©) = a1y ~ a®)B)] s ,
1

1 ’ 2
= [ max min{lx(6) = y(O1, lx(©) = a(O) Iy (©) = a(O)}] [ f,dS]

1
=3 de(x,y,a)

Therefore, dg(Tx, Ty, a) < k dg(x,y,a) .
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Hence all the conditions of Theorem 2.2 are satisfied and the
mapping T has one fixed point. Thus, we conclude that the integral
equation Eq. (3.1) has a unique solution in X.

4. Conclusion

In this paper, we introduce a new type of generalized b,-
metric space; we call an extended b,-metric space. We also pro-
vide some fixed-point theorems on these spaces. This provides a
background for extended b,-metric spaces technique in the fixed-
point theory. Several consequences can be observed from the
main results. For example, taking 6(x,y, z) s, with s = 1 implies
corresponding fixed-point results in the context of b,-metric
space. Furthermore, for 6(x,y,z) = 1, the b,-metric reduces to a
2-metric. In addition, we can indicate several directions from our
results for further work, which go through fixed-point theory. As
a new work, it will be interesting to extend known fixed-point
results on an extended b-metric space and b,-metric space to our
results on an extended b,-metric.
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