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e Introduce the concept of the fixed-point method and its importance.
e We have introduced some important hypotheses, which help us achieve our aim.

e Present the main result and prove it.
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We consider the nonlinear neutral differential equation

14
d d ¢
Ex(t) = —a(t)x(t) + $Zl Qi(t,x(t—g())) + f_m[D (t, s)f(x(s)) + h(s)] ds,

and use the contraction mapping principle to show the asymptotic stability of the zero solu-
tion provided that Q(t,0) = f(0) = 0.

1. Introduction

There have been widely varied solutions for stabilization, Lya-
punov's direct methodology being the most known. The Lyapunov
methodology for the broadly differential equations has been terri-
bly effective in establishing the result for stability see (Burton,,
1985; Hatvani., 1997; Seifert., 1973), as well as in establishing the
existence of periodic solutions of differential equations with func-
tional delays see (Althubiti et al., 2013). However, there have been
certain issues despite the efficacy of Lyapunov's technique if the
functions of equations are unbounded with time and the derivative
of the delay is not small and the complexity of generating the Lya-
punov function, itis a kind of art for finding this function. Research-
ers have been working on discovering fresh ways of avoiding those
problems. Burton et al. (2002) noted that some of these issues dis-
appearing when implementing the fixed-point theory. Due to the
simplicity of a fixed-point method in comparison with the Lya-
punov method, the fixed-point method has become an important
instrument to show the existence and uniqueness of solutions and
to study the solution's stability in a multitude of mathematical
problems.

Makhzoum et al. (2018) discussed the existence and unique-
ness of periodic solutions of

P
d d
() = —a(Ox(©) + EZ 0 (6x(t - 9®))

t
+f [D(t, s)f(x(s)) + h(s)] ds, (1.1)

by assuming a(t) is a continuous real-valued function. Taking into
consideration Q:RXR - R, D:RXR->R,f:R->R, x:R—
R and h: R = R are continuous functions and to ensure periodic-
ity  the following  assumption has  been made
a(t), g(), D(t,x),Q(t,x) are periodic functions. Also,
let Cy stand for the set of all continuous scalar functions x(t) peri-
odicin t of period T.

This paper is mainly concerned with the asymptotic stability of
the zero solution on the Eq. (1.1), as follows we have to mutate Eq.
(1.1) to an integral mapping equation appropriate for the contrac-
tion mapping theorems. This article organized as follows: Section
2 presents the hypotheses to be used in the later sections it also
introduces Lemma 2.1 that converts Eq. (1.1) into an essential
equation, and Section 3 presents the main results.

2. Preliminaries

In this section, we introduce some significant notations. It is ap-
propriate to assume the following conditions. Let Q(t, x) and f(x)
be globally Lipschitz. So for E; , E,, E3, E4 and K are positive con-
stants such that,

P
Z,_lwi(t, -yl <Ellx—yl @21

lfO) = fI < Ellx—yll  (22)

t
f [D(t,s)|ds < E3 < oo,h(s) < E,<KE, (2.3)

—00

The following lemma helps transform Eq. (1.1) to an integral cor-
responding equation,
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Lemma 2.1

Let Q(t,x), D(t,s), a(t), f(t), x(t), g(t) and h(t) are defined

p
x(©) = ) 0 (6.x(t - g®©)) + [x(©)
as above, then x(t) is a solution of Eq. (1.1) if and only if =

p
- Z Q (O'x(o - g(O)))] o~ Jo alk)dk
X(t% i=1

t 14
= Z QL' (t,x(t - g(t))) + J; —a(u) ; Qi (u,x(u
i=1

t _ - [Ladk
Qi (O,x(O —g(O))) e Jo 2tk g(u))) e

Ms

+ |x(0) —
i=1

+ jt —a(u)z Qi (wx(u— gw))|e” [, a(k)dk f [D@w$)f (x()
0

+h(s)]ds - a(k)dkdu

f [Dw, $)f (x(5)) Thus, we see that x(t) is a solution of Eq. (1.1)

a(k)dkdu 2.4) 3. Main result

+ h(s)] dsle
The methods employed in this section are adapted from the pa-

per (Althubiti et al,, 2013). We are supposing that g (t) and f (t)

Proof are continuous, g (t)> 0 and Q(t0)=f(0)=0. Let
Y(t): (—o0,0] » R gives continuous bounded initial function. We

Let x(¢t) € Cr be a solution of Eq. (1.1). Now, by writing Eq. (1.1) say x(t) = x(t,0,v) is a solution of Eq. (1.1), if x(t) =¥(t) for

as t < 0 and satisfies Eq. (1.1) for t = 0. We assume the zero solution
d P of Eq. (1.1) is stable at t,, if for each € > 0, there is § = §(¢) >
0 such that i: (—o0,t3] » R with |||l < § on (—oo,ty], implies
—[x(t —Z it x(t—g(t 0 0
a® . Ql( (e - )))] |x(t, to, )| <e.

t We will state and prove our results without loss of generality
= —a(t)x(t) +f [D(t, s)f(x(s)) + h(S)] ds. by beginning at t, = 0, Let C(R) be the space of all continuous
® functions from R — R and define the set U by U = {¢p:R -
R:p(t) =y(t),if t<0,¢(t)>0ast—o,peC(R),and ¢ is

Adding a(t t,x(t — g(t)) ) both sides of the last equa-
gal )Z =1 ( ( 9( ))) q bounded}. Then (U, lI) is a complete metric space where (lIll) is

tion, we obtain the supremum norm. We impose the following requirements on the

P next theorem
% x(©- ) 0 (tx(t-g(®)) : :
= f a(s)ds >0 and e © @)% 0 as t - (3.1)
0
= —a(t) |x(t) — Z 0; (t,x(t — g(t))) Thereis an a > 0 such that
— . .
E, +f [la(W)| Ey + E2E3 + E4] e @@ gy < g <1, (3.2)
0
_a(t)z QL t,x(t— (t))) £— g(t) » w,as t - o, (3.3)
f [D(t,)F(x()) + R ds (25) QL0 =085tz (H
Where, E;, E;, E3 and E, are defined in inequalities (2.1)—(2.3).
Theorem 3.1
t

Multiply both sides of Eq. (2.5) by el @04k and then integrate If the inequalities (2.1)—(2.3) and the conditions (3.1)—(3.4)

from 0 to ¢ to get hold, then every solution x(t,0,) of Eq. (1.1) with small continu-
ous initial function y(t) is bounded and approaches zero as t — .

t 5 3 —
[x(t) — Z Q; (t, x(t — g(t)))]efo a(k)dk _ [x(0) Moreover, the zero solution is stable at t, = 0.
(= Proof
0
- Z 0:(0,x(0 — g(0)))] elo eIk Define the mapping P:U - U by
i (Pp)(t)

L o ife<o,
= [ e Zl 0: (wx(u - g(w))

14
v . Lot - g(0))+ [0 + Y 0 (0,1(~g(0)))] ek 2k
+ f [D(w, $)f (x(s)) + h(s)] ds] el 4RI gy = ( ) Z )

. J(«)t _a(u)z 0 (u,(p(u _ g(u))) e—f:a(k)dk

t
By dividing both sides of the above equation by eh alidk \ye ar-
rive at

+ftf [D(w, )f(¢(s)) + h(s)]ds e” a(k)dkdu ift>0
0 J-
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It is noticeable that ¢ € U, (P¢)(t) is continuous. Let ¢ € U with
[lo]l < K for some positive constant K. Let, ¥(t) be small given
continuous initial function with § > 0, |[|| < §, then using (3.2)
in the definition of (P¢)(t) we have

(Pl < E1K + (t1 +E)S
+ J [la(w)|E; K + EoE3K + KE,]
<G +EDs
+ 1([15*1

t t
+ f [|a(u)|E1 + E2E3 + E4] e_fua(k)dk du] B
0
< (1+E;)6+Ka,

which implies ||(P@)(t)|| < K for the right §. Thus, (Pe)(t) is
bounded. Next, we show that (P¢)(t) » 0 as t - . The second
term on the right side of P(¢)(t) tends to zero, by condition (3.1)
also the first term on the right side tends to zero, because of (3.3),
(3.4), and the fact that ¢ € U. Left to show that the integral term
goestozeroast — oo.

Let, € > 0 be given and ¢ € U with |l¢|| <K, K > 0, then
there exist, t; > 0, so that for t > t;, |<p(t - g(t))| < e.Dueto
condition (3.1) there exists t, > t;, such that for t > t, implies

t
that e~ Jn @0k aiK thus for t > t, we have
. P
f [—a(w) Z Qi (wo(u—gw))
0 =1

+ [ P (e6)
+ h(s)]ds]e” Iy atk)dk gy,

ty
< J‘ [|a(u)|E1 K+ E2E3K
0

t
+ E K] e uat0dk gy
t t
+ f [la(w)|Es€ + ExEze + Eqe] e Ju @@k gy
t

1

t, .
< Kf [la(w)|E; + E;E5 + E4] e~ ha @k gy
0

t
te f au)IE; + E;Es
t

1

+ E,] e~ hiatiodk du,

t ty t
< Ke ™ Jn @tk f [la(W)|E; + ELE3 + E4) e~ h'at0dk gy 4 ge

0

S akyak

<aKe ’'u + ae,
< e+tae.
Hence, (P@)(t) = 0,ast — oo.

It remains to show that (P¢)(t) is a contraction under the supre-
mum norm.
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Theorem 3.2

Let ] be a positive constant satisfying the inequality
¢ t

E, +f [la()| Ey + E2E5] e @@k gy < 1 <1 (3.5)
0

Then, (Pp)(t) is a contraction under the supremum norm.
Proof

Let, u,7 € U.Then
[(P)(®) — (PT)(D)| < Ey

t t

+ f [aQu|E; + EyEs] e~ Hea®e gyl — |
0

<l —ll.

Therefore, according to the principle of contraction mapping,
(Pp)(t) is bound and tends to be zero since t is infinite, moreo-
ver, (Pp)(t) has a unique fixed point in U that resolves Eq. (1.1).
The stability of the zero solution at t, = 0 resulted from simply
replacing K with e. That ends the proof.

4. Conclusion

In this paper, the nonlinear neutral first-order differential
equation with functional delay Eq. (1.1) has been transformed into
an integral equation by using Lemma 2.1 The integral equation al-
lows us to create a map that enables us to apply the concept of the
contraction-map, which ensures us the stability of periodic solu-
tions for a nonlinear neutral first-order differential equation with
functional delay.
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