
Libyan Journal of Science & Technology 11:1 (2020) 4852 

 

Electron density measurement from the emissivity ratio in hyperbolic geometry 
resampling the divertor of fusion reactor tokamak1 

Awad S. Alhasi 

Department of Physics, Faculty of Science, University of Benghazi, Benghazi, Libya 

Alhasiawad@gmail.com: 

Highlights 

 The plasma intensity 𝝓(𝒚) is measured to obtain the plasma emissivity 𝝐(𝝍) as function of the magnetic flux coordinate ψ, 

 Taken the emissivity ratio for the 𝑯𝜷 and 𝑯𝜸 lines, the electrons' temperature is calculated. 

 The plasma electrons density is inferred from the calculated temperature. 

A R T I C L E   I N F O  A B S T R A C T 

Article history: 

Received 04 November 2019 
Revised 11 April 2020 
Accepted 25 April 2020 
 

The aim of this paper is to secure formula for measuring the electron density of the inhomo-
geneous plasma in divertor of the future reactor tokamaks such as the International Thermo-
nuclear Experimental Reactor (ITER). This is done firstly by determining the emissivity ratio 
of the 𝐻𝛽 and 𝐻𝛾 lines of hydrogen plasma to get the electron temperature. Secondly, we use 

the resulting temperature to infer the electron density. The emissivity ratio is obtained by hy-
perbolic inversion of the measured intensity of the 𝐻𝛽 and 𝐻𝛾 lines. It is assumed that the free 

electrons have a Maxwellian velocity distribution and that the distribution of electron popula-
tion over the bound levels is given by a coronal-type equation. The hydrogen plasma is as-
sumed to be in a steady state without impurities contributing to the electron density. 
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1. Introduction 

This work is devoted to the electron plasma density measure-
ment, where electron's temperature is obtained by the emissivity 
ratio form which the electrons density is inferred. The line emissiv-
ity ratio method for measuring the electron temperature of a ho-
mogeneous plasma in Local Thermodynamic Equilibrium (LTE) is 
well established (Alhasi, 2007). The distribution of electron popu-
lation over the bound and free states for these plasmas and the dis-
tribution of ions species are given by the Boltzmann and Saha equa-
tions. The temperature of helium plasma at high electron density 
(𝑛𝑒 > 1018𝑐𝑚−3) using the emissivity ratio method has been given 
(Griem, 2005 and Cremona, 2012). Some work has been done on 
homogenous plasma at low electron densities (𝑛𝑒 < 1014𝑐𝑚−3) 
(Rosen, 2014).  

It is common practice to use the magnetic flux variable 𝜓 as a 
coordinate. The parameter ψ is constant along the magnetic field 
lines and it can be used as a coordinate to distinguish the magnetic 

surfaces. ∇⃗⃗ 𝜓 is a bases unit vector (in the contravariant vector rep-
resentation) normal to the magnetic flux surfaces ψ. Moreover, it 
can be used to show the direction of the increase of the nested mag-
netic flux surfaces tori. The qualification of the function 𝜓  to be a 
magnetic surface variable has been given and  𝜓 is defined to be 
zero at the sepraratix. Also, the approximately hyperbolic nature of 
the magnetic field lines near the x-point of the separatrix has been 
proved, see Fig.1 and Fig. 3c. 

                                                             
1  2020 University of Benghazi. All rights reserved.1ISSN 2663-1407; National Library of Libya, Legal number: 390/2018 

 
Fig. 1. Plasma cross-section with magnetic divertor configuration in-
cluding Scarp Off Layer (SOL). 

 

Fig. 2. International thermonuclear Experimental Reactor with Divertor Fa-
cilities, (curtesy of ITER Group). 
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No work that we are aware of has been published on the deter-
mination of the electron density in inhomogeneous plasmas at very 
low electron density (𝑛𝑒 < 109𝑐𝑚−3) such as that in tokamak di-
vertor, see Fig. 1, and Fig. 2. The technique of measuring the elec-
tron temperature in tokamak with hyperbolic magnetic configura-
tion (divertor) inside the Scrap off Layer (SOL) by the emissivity 
ratio is given (Rosen, 2014 and Alhasi, 2008), hence, the electron 
density can be inferred. To obtain a ratio, which is sensitive to tem-
perature, it is necessary that the two levels are well separated in 
energy in their upper levels. The 𝐻𝛽 and 𝐻𝛾 lines are particularly 

convenient for this type of plasma. Firstly, the intensity of the two 
lines are measured along the line of sight. Secondly, the spatial dis-
tribution of the emissivity is obtained for each particular line using 
the hyperbolic inversion method (Alhasi, 2007). The Abel method 
is applicable to plasma distributions with symmetry of a conic sec-
tion, where tokamaks of circular symmetry use Backstan’s method 

(Backstan, 1961), and tokamaks with elliptical symmetry use Ya-
sumoto’s inversion, (Yasumoto, 1981) and tokamaks with hyper-
bolic magnetic lines symmetry use the so-called Alhasi technique, 
(Alhasi and Elliott, 1992), see Fig. 3. The result of the inversion is 
to yield the spectral emissivity as a function of the magnetic flux 
coordinate ψ from which the electron temperature can be ob-
tained; hence we are capable of determining the electron density. 
The purpose of this paper is to show how the electron density is 
calculated.  In this derivation we assume a Maxwellian distribution 
of electron velocities, an optically thin plasma, and an excitation 
distribution given by coronal type equations. The first assumption 
will depend on the particular plasma and should be examined in 
each individual case. The second and the third assumptions are 
easily fulfilled for the type of plasma with 2cm optical depth and 
electron density (𝑛~2.5𝑥109𝑐𝑚−3) respectively, (Harris, 2009; 
Woods, 2006).

 

Fig. 3. Different shapes of magnetic surface configuration. 

2. Flux surfaces and flux coordinates 

We have to introduce that for axisymmetric equilibria, which 
are independent of the toroidal angle 𝜉, the magnetic field lines lie 
in nested toroidal magnetic surfaces as illustrated in Fig. 3c. The 
basic condition for equilibrium is that the force on the plasma is 
zero at all points. This requires that the magnetic force balance the 
force due to the plasma pressure, that is 

𝑗 × 𝐵⃗ = ∇⃗⃗ 𝑝                                                                                                    (1) 

It is clear from this equation that 𝐵⃗ ∙ ∇⃗⃗ 𝑝 = 0.   Thus, there is no pres-
sure gradient along the magnetic field lines and the magnetic sur-
faces are surfaces of constant pressure. Furthermore Eq. (1) gives 

𝑗 ∙ ∇⃗⃗ 𝑝 = 0, and consequently the current lines also lie in the mag-
netic surfaces. 

It is also clear that any function 𝑓(𝑟) that satisfy the following 

identity (𝐵⃗ ∙ ∇⃗⃗ )𝑓(𝑟) = 0, is constant in the magnetic surfaces and 
the magnetic flux surface function 𝜓(𝑟) is one of them, (Wesson, 
1987). In the geometry of hyperbolic magnetic flux surface, the 

function 𝜓(𝑟) is related to the vector magnetic potential 𝐴 , which 
defined the shape of the magnetic field surfaces, to prove that the 
geometry of the field lines is depicted in Fig. 4, where (±𝑎)  are the 
centroids of the plasma current (𝐼) inside the private flux chambers 
as illustrated in Fig. 1.  

The prove is twofold, one can find the components of the mag-

netic field and then can drive the vector magnetic potential 𝐴 (𝑟) 
and the magnetic flux surface function 𝜓(𝑟), (Alhasi, 2018), we fol-

low the second approach where the vector magnetic potential 𝐴 (𝑟) 
is obtained and then the magnetic surface function 𝜓(𝑟) is derived. 
Using the cylindrical coordinate with the toroidal 𝜉 axis parallel to 
the axis  𝑧̂  and to the plasma current (𝐼), we can write the following 
vector differential equation, (Alhasi, 2018; Boozer, 2004): 

∇⃗⃗ × 𝐴 =
𝜇0𝐼

2𝜋𝑟1
∇⃗⃗ 𝜃                                                                                          (2) 

 

Fig. 4. Layout geometry used to show the structure of the magnetic field 
components in (𝑥, 𝑦) plane. 

where 𝑟1 is the distance from the plasma current (𝐼), see Fig. 1 and 

Fig. 4. Since 𝐵⃗  possesses only 𝜃 component, only 𝜃 component of 
the cylindrical curl is needed. 
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𝜕𝐴𝑟1

𝜕𝜉
−

𝜕𝐴𝜉

𝜕𝑟1
=

𝜇0𝐼

2𝜋𝑟1
                                                                                    (3) 

It is evident that 𝐴  cannot be a function of 𝜉, since the plasma cur-
rent (𝐼) is in the direction of 𝜉. Thus, the solution of the Eq. (3) is; 

𝐴𝜉 = −
𝜇0𝐼

2𝜋
𝑙𝑛𝑟1 + 𝑐1                                                                                  (4) 

where 𝑐1 is a constant of integration. Since the vector magnetic po-

tential 𝐴 (𝑟) is additive, the total contribution from both plasma re-
gion is 

𝐴𝜉 = −
𝜇0𝐼

2𝜋
(𝑙𝑛𝑟1 + 𝑙𝑛𝑟2) + 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡                                                   (5) 

Substituting for  𝑟1and 𝑟2, see Fig. 4, we obtain; 

𝐴𝜉 =
𝜇0𝐼

4𝜋
(𝑙𝑛

𝑎4

(𝑥2 + (𝑎 − 𝑦)2)(𝑥2 + (𝑎 + 𝑦)2)
)                               (6) 

where we require the vector magnetic potential 𝐴 (𝑥, 𝑦) to vanish 
at the origin (𝑥 = 0, 𝑦 = 0) and the integration constant equal 

(
𝜇0𝐼

2𝜋
𝑙𝑛𝑎2). The vector magnetic potential 𝐴  defined by  𝐵⃗ = ∇⃗⃗ × 𝐴  

can be related to  𝜓
 
. In an axisymmetric system with no variation 

in the toroidal direction 𝜉, As we have  
𝜕

𝜕𝜉
= 0: 

𝐵𝑥 =
𝜕𝐴𝜉

𝜕𝑦
−

𝜕𝐴𝑦

𝜕𝜉
  and    𝐵𝑦 =

𝜕𝐴𝑥

𝜕𝜉
−

𝜕𝐴𝜉

𝜕𝑥
                                                    (7) 

which implies that 

𝐵𝑥 =
𝜕𝐴𝜉

𝜕𝑦
= −

𝜕𝜓

𝜕𝑦
 and 𝐵𝑦 = −

𝜕𝐴𝜉

𝜕𝑥
=

𝜕𝜓

𝜕𝑥
                                                 (8) 

from which we obtain 

𝜓 ≡ −𝐴𝜉  =
𝜇0𝐼

4𝜋
ln

[𝑥2 + (𝑎 + 𝑦)2][𝑥2 + (𝑎 − 𝑦)2]

𝑎4 =
𝜇0𝐼

4𝜋
𝑙𝑛𝜒      (9) 

𝜓 satisfies the identity (𝐵⃗ ∙ ∇⃗⃗ )𝑓(𝑟) = 0 as following: 

 (𝑩 ∙ 𝛁)𝜓 = 𝐵𝑥

𝜕𝜓

𝜕𝑥
+ 𝐵𝑦

𝜕𝜓

𝜕𝑦
= 𝐵𝑥𝐵𝑦 − 𝐵𝑦𝐵𝑥 = 0                               (10) 

This implies that the magnetic flux surface function 𝜓 is constant in 
the magnetic surfaces and can be used as a coordinate to distin-
guish them. 

3. Magnetic field structure of poloidal divertor 

Using the expression obtained for the magnetic surfaces func-
tion 𝜓(𝑟), we can find the approximate form of the magnetic field 
topology inside the poloidal divertor. Using this definition for 𝜓 ≡
𝜇0𝐼

4𝜋
𝑙𝑛𝜒 , we can write 𝜒 in two forms: 

𝜒 ≡  
[𝑥2+(𝑎+𝑦)2][𝑥2+(𝑎−𝑦)2]

𝑎4
  and  𝜒 ≡ 𝑒

4𝜋𝜓

𝜇0𝐼                                           (11) 

Since we are interested in the region inside the private flux near 
the x-point of the separatrix, where 𝑦 ≪ 𝑎 and the plasma current 
is fairly large. We can carry a series of approximations, see Fig. 1 
and Fig. 4. The function 𝜒(𝑟) is defined as: 

(a)-  χ = 1
 
 implies  𝜓 = 0 , the separatrix. 

(b)-   0 <  χ < 1
  

 implies 𝜓 < 0
  

, negative inside the separatrix 
(private flux region). 
(c)-   χ > 1 implies 𝜓 > 0 , positive outside the separatrix (shared 
flux-region). Considering case (b) with 𝜒 < 1 finding the root of 𝑥2 
from the first definition of 𝜒 in Eq. (11) and expanding using 𝑦 ≪ 𝑎 
we get: 

𝑥2 ≅ 𝑎2χ
1
2 (1 +

2𝑦2

𝑎2χ
)  − (𝑎2 + 𝑦2) ≅ 𝑎2 (χ

1
2 − 1) + 𝑦2               (12) 

Thus, roughly we have: 

 𝑥2 − 𝑦2 ≅ 𝑎2 (χ
1
2 − 1)                                                                          (13) 

Using the second definition of 𝜒 in Eq. (11) and expanding the ex-
ponential under the condition 𝐼 ≫ 1, we get: 

 χ ≈ 1 +
4𝜋𝜓

𝜇0𝐼
                                                                                             (14) 

Taking the square roots of both sides of Eq. (14), expanding once 
more and substituting in the right side of Eq. (13) the magnetic sur-
faces near the x-point are approximately hyperbolic as:  

𝑥2 − 𝑦2 ≅
2𝜋𝑎2

𝜇0𝐼
𝜓                                                                                    (15) 

The units of 𝜓  is (𝑊𝑏/𝑚) as deduced from Eq. (9), and the con-
stant (𝑎) is the centroid of the plasma column and it is related to 
the column shape (machine design). Most tokamaks currents range 
(0.1 − 5)𝑀𝐴, (Wesson, 1987). For this work, we choose 𝑎 = 0.2𝑚 
and 𝐼 = 0.2 × 106 A, and Eq. (15) becomes: 

𝑥2 − 𝑦2 ≅
2𝜋𝑎2

𝜇0𝐼
𝜓 =

4 × 10−2

2 × 10−72 × 105 𝜓 = 𝜓                                 (16) 

Therefore, in this case, we say that, the magnetic field 𝐵⃗ covers 
the whole surface (S) ergodically (the flux surface is densely cov-
ered by a single line); the Poincare' theorem states that" only the 

toroidal surface" can be covered by the nonzero vector field 𝐵⃗ . 
Since it is a conscience of plasma equilibrium that 𝜓 is constant on 
any magnetic flux surface, hence identity in Eq. (10) is applied to 
make 𝜓 a magnetic surface coordinate. For those who are inter-
ested to see how the magnetic flux surface function 𝜓(𝑟) ∝ 𝑟2 we 
refer them to (D'haeseleri and Hitchen, 1990). 

4. Electron plasma density 

To solve the Able inversion problem when the plasma is con-
fined in tokamak with a magnetic divertor, where the magnetic 
field lines are now hyperbolic in shape, see Fig. 1. This requires the 
application of the hyperbolic inversion (Alhasi, 2007). To outline 
this technique, for convenience we choose the cylindrical instead 
of the usual toroidal coordinate for the torus cross-section. Let  
𝜙(𝑦) denotes the relative spectral radiance of the plasma in the 𝑥 
direction a distance 𝑦 from 𝑥𝑧 plane. A study of the relative spectral 
radiance from the plasma column of length 2𝑥 and cross-section 
Δ𝑥Δ𝑧 gives the equation, (Alhasi and Elliott 1992): 

𝜙(𝑦)Δ𝑦Δ𝑧 = ∑ 𝜖(𝜓)Δ𝑥Δ𝑦Δ𝑧
+𝑥

−𝑥
                                                          (17) 

Viewing plasma along a single chord in 𝑥 direction, normal to 
the direction of scan y, the plasma relative intensity 𝜙(𝑦) can be 
obtained. The function 𝜙(𝑦) for 𝐻𝛽 and 𝐻𝛾 hydrogen lines are 

usually measured relative to its maximum value set by the detec-
tor system thus shows no units in its vertical axis as shown in Fig. 
5. 

 

Fig.5. The relative plasma intensity 𝜙(𝑦) for 
𝐻𝛽 and 𝐻𝛾 hydrogen lines.  
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Starting from Eq. (17) and passing over to infinitely small volume 
elements and making use of symmetry about the y-axis to get:  

𝜙(𝑦) = 2∫ 𝜖(𝜓)
𝑥

0

𝑑𝑥                                                                               (18) 

Substituting the value dx resulting from Eq. (16), the following ex-
pression for the intensity is:  

𝜙(𝑦) = ∫
𝜖(𝜓)𝑑𝑦

√𝑦2 − 𝜓

𝑦2

0

                                                                             (19) 

The function 𝜙(𝑦) represents the integral transform of the 
plasma emissivity along the line of sight. The inverse transform of 
Eq. (19) is given (Alhasi, 2007) as: 

𝜖(𝜓) =
1

𝜋
∫

(
𝑑𝜙
𝑑𝑦

)𝑑𝑦

√𝜓 − 𝑦2

√𝜓

0

                                                                         (20) 

The integral in Eq. (20) cannot usually be performed analyti-
cally. The numerical solution of Eq. (20) is given and the 𝛼𝑗𝑘  coeffi-

cients are tabulated, (Alhasi and Elliott, 1992), the result is: 

𝜖𝑗 =
1

𝜓𝑚𝑎𝑥

1
2⁄

∑ 𝛼𝑗𝑘

𝑗−1

𝑘=0

𝜙𝑘                                                                                (21) 

Now the plasma cross-section can be scanned to get the inten-
sity column 𝜙𝑘. Using the tabulated 𝛼𝑗𝑘  coefficients to obtain the 

emissivity column 𝜖𝑗 for each line of 𝐻𝛽 and 𝐻𝛾 of Eq. (21), see Fig. 

6. The transitions used are (2𝑆1
2⁄
⟶ 4𝑃3

2⁄
), (2𝑃3

2⁄
⟶

4𝑆1
2⁄
, 4𝐷5

2⁄
), and (2𝑆1

2⁄
⟶ 5𝑃3

2⁄
), (2𝑃3

2⁄
⟶ 5𝑆1

2⁄
, 5𝐷5

2⁄
). They 

are the configurations for 𝐻𝛽 and 𝐻𝛾 lines respectively. The emis-

sivity ratio of these transitions is given, (Alhasi, 2007) and (Rosen, 
2014) as: 

𝜖𝛽

𝜖𝛾
=

𝜆𝛾

𝜆𝛽

𝑓𝛽

𝑓𝛾
[
𝐴𝛽 ∑ 𝐴𝛾𝛾

𝐴𝛾 ∑ 𝐴𝛽𝛽
]
𝜒𝛾

𝜒𝛽
𝑒𝑥𝑝 (−

𝜒𝛽 − 𝜒𝛾

𝜅𝑇𝑒
)                                      (22) 

The relative plasma emissivity 𝜖(𝜓) at the flux surfaces ψ meas-
urements for 𝐻𝛽  and 𝐻𝛾  the hydrogen line is taken relative to the 

maximum emissivity of the black body which is equal to one, hence 
no unit appears on the vertical axis, see Fig. 6. 

 

Fig. 6. The relative plasma emissivity 𝜖(𝜓)  calculated for the 𝐻𝛽 and 

𝐻𝛾  hydrogen lines.  

 

 

Where 𝐴𝛽 and 𝐴𝛾 are the total Einstein transition probability and 

𝜒𝛽 and 𝜒𝛾 are the energy for 𝐻𝛽 and 𝐻𝛾 levels in eV, and 𝜆 and 𝑓 are 

the wavelength and frequency for each line respectively. Substitut-
ing for their tabulated values, (Wiese, 1966) and solving for 𝑇𝑒 to 
have: 

𝑇𝑒 =
0.30

𝑙𝑛 (
𝜖𝛽
𝜖𝛾

) − 𝑙𝑛 (2.7 (
𝐴𝛽

∑ 𝐴𝛽𝛽

∑ 𝐴𝛾𝛾

𝐴𝛾
))

= {
0.30

𝑙𝑛 (
𝜖𝛽
𝜖𝛾

) − 𝑙𝑛(3.4)
}   𝑒𝑉                               (23) 

Using this outlined technique, the temperature is measured as 
a function of 𝜓 along the torus divertor, see Fig. 7. We may check 
the accuracy of this method by assuming that the temperature in 
Eq. (22) is about 10 eV. Rearranging the above expression to get 
the following value for the emissivity ratio:  

𝑙𝑛 {
(𝜖𝛽 𝜖𝛾⁄ )

3.4
} = 0.03                                                                                (24) 

Simplifying Eq. (24) and expanding the resulting exponential, 

the error in the emissivity ratio is Δ(
𝜖𝛽

𝜖𝛾
) < 0.1%. Thus, to achieve 

a temperature measurement at the point 𝜓 where 𝑇𝑒 = 10𝑒𝑉, the 
accuracy in the emissivity ratio has to be ≤ 3%.   

 

Fig. 7. The plasma electron temperature as function of the flux param-
eter 𝜓. 

Now the electron temperature is secured from the emissivity 
ratio, Eq. (22) and if the Steady State Corona Model (SSCM) is 
adopted to arrive at a balance between the rate of collisional exci-
tation from the ground level and the rate of spontaneous radiative 
decay (Griem, 2005), the electron density is obtained as: 

𝑛𝑒 = 3.58𝑥1010𝑇𝑒

1
2⁄ 𝑒𝑥𝑝 (

2.324𝑥103

𝑇𝑒
)                                              (25) 

For plasma with an electron temperature of about 10 𝑒𝑉 the up-
per-density limit is 𝑛𝑒 < 1.22𝑥1013𝑐𝑚−3. The electron plasma den-
sity in most tokamak divertor is about 2.5𝑥109𝑐𝑚−3, hence the ap-
plication of SSCM model is justified. Finally, to plot the electron 
density distribution, the values of electron temperature have to be 
in degree Kelvin before it is used into Eq. (24). The electron density 
is measured as a function of the flux parameter 𝜓  inside the torus 
divertor, see Fig. 8. 
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Fig. 8 The plasma electron density as a function of the flux parameter 𝜓. 

5. Conclusion 

Tokamaks use different techniques to measure the plasma den-
sity ranging from interferometry to Thomson laser scattering. One 
of the most powerful techniques of diagnosis is to use the scatter-
ing of electromagnetic radiation from plasma. The attractiveness of 
this diagnostic derives from two main features. First, it is, for all 
practical purposes, a non perturbing method, requiring only access 
of radiation to the plasma. Second, it offers the potential of deter-
mining detailed information about the distribution function of elec-
trons' temperature and density. As it is a step of major importance, 
in plasma spectroscopy of cylindrically symmetric tokamaks, nu-
merous papers have been devoted to the numerical solution of the 
integrodifferential Abel inversion equation, (Alhasi, 2007; Ya-
sumoto, 1981; Bockasten, 1961). However, as pointed out in the in-
troduction, at the present state of the art no universal method is 
available for every type of symmetry. Therefore, Able’s inversion 
remains an open problem. Adopting the Steady State Corona Model 
(SSCM) in tokamak divertor, such as that of the International Ther-
monuclear Experimental Reactor (ITER). Firstly, the relative 
plasma intensity is measured and secondly the emissivity ratio of 
the 𝐻𝛽 and 𝐻𝛾 lines of hydrogen plasma is calculated to obtain the 

electron temperature. Finally, the electron density curve is inferred 
by the substitution of the temperature values given by Eq. (23) into 
Eq. (25). The application of SSCM model is justified by the upper-
density limit shown, which is above most tokamak divertor density 
with saving margin. 
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