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Certain the map from the set of all Quadratic Algebraic Integers into 

 𝑆 = {(
𝑎 𝑏

𝐷𝑏 𝑎
) ∶  𝑎 , 𝑏 ∈ ℤ} is proved a ring isomorphism. 
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1. Introduction 

Definition1.1: (Fraleigh, J.B., 1994) A complex number α is 
called an algebraic number if is satisfies some polynomial equation 
𝑓(𝑥) = 𝑏0𝑥𝑛 + 𝑏1𝑥𝑛−1 + ⋯ + 𝑏𝑛 where 𝑓(𝑥) ∈  ℚ[𝑥] 

Definition1.2: (Fraleigh, J.B., 1994) An algebraic number α is 
an algebraic integer if it satisfies some manic polynomial equation  

𝑓(𝑥) = 𝑥𝑛 + 𝑏1𝑥𝑛−1 + ⋯ + 𝑏𝑛 = 0  

with integer coefficients 

Definition1.3: (Fraleigh, J.B., 1994) If α satisfies some 
polynomial equation of degree n, but none of lower degree we say 
that α is an algebraic integer of degree n. 

Theorem 1.4: (Niven, I., Zuckerman, H.S., Mantgmery, H.L., 
1991) The set of all algebraic numbers is a field. 

Theorem 1.5: (Niven, I., Zuckerman, H.S., Mantgmery, H.L., 
1991) The set of all algebraic integers is an integral domain  

2. Preliminaries 

The field discussed in the theorem 1.5 contains all algebraic 
numbers. An algebraic number field is any subfield of this field. For 
example, if 𝛼 is an algebraic number, it can be verified that 

ℚ(𝛼) = {
𝑓(𝛼)

ℎ(𝛼)
: ℎ(𝛼) ≠ 0; 𝑓, 𝑔 ∈  ℤ[𝑥]} constitutes a field.  

Example 2.6: ℚ(√2
3

 ) = {𝑎 + 𝑏√2
3

+ 𝑐 √4
3

  ∶  𝑎, 𝑏, 𝑐 ∈  ℚ }.  

Let 𝛼 satisfy the polynomial equation: 

𝑎0𝑥𝑛 + 𝑎1𝑥𝑛−1 + ⋯ + 𝑎𝑛 = 0, where 𝑎0 , 𝑎1 , … , 𝑎𝑛 are integers, 
not all zero and n is minimum. If n=1, then 𝛼 is rational and 

ℚ(𝛼) = ℚ. 

If n=2, we say that 𝛼 is a “quadratic”, then 𝛼 is a root of quadratic 
equation: 

𝑎0𝑥2 +  𝑎1𝑥 +  𝑎2 = 0                                          (1) 

and thus 𝛼 =
𝑎+𝑏√𝑚

𝑐
 for some integers 𝑎 , 𝑏 , 𝑐, 𝑚  𝑤𝑖𝑡ℎ  𝑐 ≠

0 , 𝑚 𝑖𝑠 𝑎 𝑠𝑞𝑢𝑎𝑟𝑒-free and (𝑎, 𝑏, 𝑐) = 1 

𝑓(√𝑚 )

ℎ(√𝑚 )
=

𝑡+𝑢√𝑚

𝑣+𝑤√𝑚
=

(𝑡+𝑢√𝑚 )(𝑣−𝑤√𝑚 )

𝑣2−𝑤2𝑚
=

𝑎+𝑏√𝑚

𝑐
=  𝛼  ;   𝑡 , 𝑢 𝜖 ℚ  

Therefore, ℚ(𝛼) = ℚ(√𝑚 ) =  {𝑡 + 𝑢√𝑚  ∶   𝑡, 𝑢 ∈ ℚ} 

ℚ(𝛼) is called a quadratic field. Since m is a square-free then every 

element of ℚ(√𝑚) may be written uniquely in the form 

 𝑡 + 𝑢√𝑚 , where t and u are rationales.  

Now if 𝑎0=1 in the quadratic equation (1) then 𝛼 is called a 
quadratic algebraic integer. 

∵  𝛼 =
𝑎 + 𝑏√𝑚

𝑐
 

 ∴  𝑐𝛼 = 𝑎 + 𝑏√𝑚 . (𝑐𝛼 − 𝑎)2 = 𝑏2𝑚. 

𝑐2

𝑐2 𝛼2 − 
2𝑎𝑐

𝑐2 𝛼 +
𝑎2 − 𝑏2𝑚

𝑐2 = 0 

Since 𝛼 is an algebraic integer, then 𝑐|2𝑎 and 

𝑐2|(𝑎2 − 𝑏2𝑚 )                                       (2) 

If  (𝑎, 𝑐) > 1 and 𝑐|2𝑎 , then 𝑎 and c have some common prime 
factor, say p , and p does not divide b since (𝑎, 𝑏, 𝑐) = 1 . 

Then 𝑝2|𝑎2  𝑎𝑛𝑑 𝑝2|𝑐2  𝑇ℎ𝑒𝑟𝑒𝑓𝑜𝑟𝑒 𝑝2|(𝑎2 − 𝑚𝑏2) (from (2))  

Therefore, 𝑎2 −  𝑏2𝑚 = 𝑞𝑝2  for some q  ∈ ℤ 

Therefore, 𝑎2 − 𝑞𝑝2 = 𝑚𝑏2 . But 𝑝2|(𝑎2 − 𝑞𝑝2). 

Therefore, 𝑝2|𝑚𝑏2 and p does not divide b. 

Therefore, 𝑝2|𝑚 , which is impossible , since m is a square-free . 

Therefore, (2) is true only if (𝑎, 𝑐) = 1 . 
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If 𝑐|2𝑎, then c=1 or 2, i.e (2) is true iff c=1 or 2. 

C=2 iff 𝑎2 − 𝑏2𝑚 = 4𝑞 for some 𝑞𝜖ℤ (from (2)) iff 𝑏2𝑚 ≡
𝑎2(mod4), and we also have 𝑎 odd since (𝑎, 𝑐)  = 1 iff 𝑏2𝑚 ≡ 𝑎2 ≡
1 (𝑚𝑜𝑑4), which requires that b be odd iff 𝑏2𝑚 ≡ 1(𝑚𝑜𝑑4) and 
𝑏2 ≡ 1(𝑚𝑜𝑑4) , iff 𝑏2𝑚 ≡ 𝑏2(𝑚𝑜𝑑4) , (𝑏2, 4) = 1 iff  𝑚 ≡ 1(𝑚𝑜𝑑4). 

𝛼 =
𝑎 + 𝑏√𝑚

2
=

𝑎 − 𝑏

2
+ 𝑏 (

1 + √𝑚

2
) = 𝑎′ + 𝑏 (

1 + √𝑚

2
)       

(𝑎′ ∈ ℤ , 𝑠𝑖𝑛𝑐𝑒 𝑎 , 𝑏 𝑜𝑑𝑑 ), where 𝑎′, 𝑏 ∈ ℤ 𝑖𝑓𝑓 𝑚 ≡ 1(𝑚𝑜𝑑4) . 

If 𝑚 ≢ 1(𝑚𝑜𝑑4) then  𝑐 ≠ 2  and hence then 𝑚 ≡ 2 𝑜𝑟 3 (𝑚𝑜𝑑 4)  
and  𝑐 = 1. Therefore if 𝑚 ≡ 2 𝑜𝑟 3 (𝑚𝑜𝑑 4) , then  𝑐 = 1 and 𝛼 =

𝑎 + 𝑏√𝑚 , 𝑎, 𝑏 𝜖 ℤ . Thus we have the following: 

Theorem 2.7: (Dummit, D.S, Foote, R.M., 1999) The set of all 
Quadratic Algebraic Integers is given as follows:  

𝐴𝑚 = {

       ℤ[√𝑚]                   if        𝑚 ≡ 2 𝑜𝑟 3 (𝑚𝑜𝑑 4 )

ℤ [
1 + √𝑚

2
]              if               𝑚 ≡ 1 (𝑚𝑜𝑑 4)

 

Where m is a square-free integers. 

Theorem 1.7: (Dummit, D.S, Foote, R.M., 1999) Am is a 

subdomain of the quadratic field ℚ(√𝑚 ) .Am is called a Quadratic 
Algebraic Integers (ring)  

3. Main result 

Theorem3.8: Let m be a square-free integer. Then 

 𝐴𝑚 ≅ {(
𝑎 𝑏

𝑚𝑏 𝑎
) ∶  𝑎 , 𝑏 ∈ ℤ}   if  𝑚 ≡ 2 , 3 (𝑚𝑜𝑑 4),  

and 

 𝐴𝑚 ≅ {(
𝑎 𝑏

(𝑚−1)𝑏

4
𝑎 + 𝑏

) ∶  𝑎 , 𝑏 ∈ ℤ}   if  𝑚 ≡ 1 (𝑚𝑜𝑑 4) as rings 

Proof: 

Let 𝑆1 = {(
𝑎 𝑏

𝑚𝑏 𝑎
) ∶  𝑎 , 𝑏 ∈ ℤ} and 

𝑆2 = {(
𝑎 𝑏

(𝑚 − 1)𝑏

4
𝑎 + 𝑏

) ∶  𝑎 , 𝑏 ∈ ℤ} 

First, we will show that S1 and S2 are subrings of  𝑀2(ℤ), the ring 
of all 2×2 matrices over ℤ. 

Let (
𝑎 𝑏

𝑚𝑏 𝑎
) , (

𝑐 𝑑
𝑚𝑑 𝑐

) ∈ 𝑆1 

(
𝑎 𝑏

𝑚𝑏 𝑎
) − (

𝑐 𝑑
𝑚𝑑 𝑐

) = (
𝑎 − 𝑐 𝑏 − 𝑑

𝑚(𝑏 − 𝑑) 𝑎 − 𝑐
) ∈ 𝑆1 

(
𝑎 𝑏

𝑚𝑏 𝑎
) − (

𝑐 𝑑
𝑚𝑑 𝑐

) = (
𝑎𝑐 + 𝑚𝑏𝑑 𝑎𝑑 + 𝑏𝑐

𝑚(𝑏𝑐 + 𝑎𝑑) 𝑚𝑏𝑑 − 𝑎𝑐
) ∈ 𝑆1 

Therefore, S1 is a subring of 𝑀2(ℤ).  

Let  

(
𝑎 𝑏

(𝑚 − 1)𝑏

4
𝑎 + 𝑏

) , (
𝑐 𝑑

(𝑚 − 1)𝑑

4
𝑐 + 𝑑

) ∈ 𝑆2 

(
𝑎 𝑏

(𝑚 − 1)𝑏

4
𝑎 + 𝑏

) − (
𝑐 𝑑

(𝑚 − 1)𝑑

4
𝑐 + 𝑑

) = 

(
𝑎 − 𝑐 𝑏 − 𝑑

(𝑚 − 1)(𝑏 − 𝑑)

4
(𝑎 − 𝑐) + (𝑏 − 𝑑)

) ∈ 𝑆2 

(
𝑎 𝑏

(𝑚 − 1)𝑏

4
(𝑎 + 𝑏)

) (
𝑐 𝑑

(𝑚 − 1)𝑑

4
𝑐 + 𝑑

) = 

(
𝑎𝑐 +

(𝑚 − 1)𝑏𝑑

4
𝑎𝑑 + 𝑏(𝑐 + 𝑑)

(𝑚 − 1)(𝑏𝑐 + (𝑎 + 𝑏)𝑑)

4

(𝑚 − 1)𝑏𝑑

4
+ (𝑎 + 𝑏)(𝑐 + 𝑑)

) 

= (
𝑎𝑐 +

(𝑚 − 1)𝑏𝑑

4
𝑎𝑑 + 𝑏𝑐 + 𝑏𝑑

(𝑚 − 1)(𝑏𝑐 + 𝑎𝑑 + 𝑏𝑑)

4
𝑎𝑐 +

(𝑚 − 1)𝑏𝑑

4
+ (𝑎𝑑 + 𝑏𝑐 + 𝑏𝑑)

) ∈ 𝑆2 

Therefore, S2 is a subring of 𝑀2(ℤ). 

Second, we will define two maps as follows:  

𝜙1: ℤ[√𝑚 ]  →  𝑆1  define by:  

𝜙1(𝑎 + 𝑏√𝑚) = (
𝑎 𝑏

𝑚𝑏 𝑎
) where 

𝐴𝑚 =  ℤ[√𝑚]   𝑤ℎ𝑒𝑛  𝑚 ≡ 2 𝑜𝑟 3 (𝑚𝑜𝑑 4 ) 

𝜙2: ℤ [
1+√𝑚

2
]  →  𝑆2   define by: 

𝜙2 (𝑎 + 𝑏
1+√𝑚

2
) = (

𝑎 𝑏
(𝑚−1)𝑏

4
𝑎 + 𝑏

) where 

𝐴𝑚 = ℤ [
1+√𝑚

2
] when  𝑚 ≡ 1 (𝑚𝑜𝑑 4) and we will show that ф1 

and ф2 are isomorphism. 

Let 𝑎 + 𝑏√𝑚  , 𝑐 + 𝑑√𝑚 ∈ ℤ[√𝑚 ]. 

It is clear that  

𝜙1 ((𝑎 + 𝑏√𝑚) + (𝑐 + 𝑑√𝑚)) = 𝜙1(𝑎 + 𝑏√𝑚) + 𝜙1(𝑐 + 𝑑√𝑚) 

𝜙1 ((𝑎 + 𝑏√𝑚) + (𝑐 + 𝑑√𝑚)) = 𝜙1(𝑎𝑐 + 𝑏𝑑𝑚) + (𝑎𝑑 + 𝑏𝑐)√𝑚) 

= (
𝑎𝑐 + 𝑏𝑑𝑚 𝑎𝑑 + 𝑏𝑐

𝑚(𝑎𝑑 + 𝑏𝑐) 𝑎𝑐 + 𝑏𝑑𝑚
) = (

𝑎 𝑏
𝑚𝑏 𝑎

) (
𝑐 𝑑

𝑚𝑏 𝑐
) 

= 𝜙1(𝑎 + 𝑏√𝑚)𝜙1(𝑐 + 𝑑√𝑚) 

Therefore, ф1 is a ring homomorphism. 

Let 𝜙1(𝑎 + 𝑏√𝑚) = 𝜙1(𝑐 + 𝑑√𝑚)  

Therefore, ( 𝑎 𝑏
𝑚𝑏 𝑎

) = (
𝑐 𝑑

𝑚𝑑 𝑐
) 

Therefore, 𝑎 = 𝑐, 𝑏 = 𝑑  

Therefore, 𝑎 + 𝑏√𝑚 = 𝑐 + 𝑑√𝑚 . Therefore, ф1 is 1-1.  

Let (
𝑎 𝑏

𝑚𝑏 𝑎
) ∈ 𝑆1. Take 𝑎 + 𝑏√𝑚 ∈ ℤ[√𝑚].  

𝜙1(𝑎 + 𝑏√𝑚) = (
𝑎 𝑏

𝑚𝑏 𝑎
). 

Therefore, ф1 is onto. Hence, ф1 is an isomorphism.  

Let 

 𝑎 + 𝑏
1+√𝑚

2
  , 𝑐 + 𝑑

1+√𝑚

2
  ∈  ℤ [

1+√𝑚

2
] 

It is clear that: 

𝜙2 ((𝑎 + 𝑏
1 + √𝑚

2
) + (𝑐 + 𝑑

1 + √𝑚

2
)) 
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= 𝜙2 (𝑎 + 𝑏
1 + √𝑚

2
) + 𝜙2 (𝑐 + 𝑑

1 + √𝑚

2
) 

𝜙2 ((𝑎 + 𝑏
1 + √𝑚

2
) (𝑐 + 𝑑

1 + √𝑚

2
)) 

= 𝜙2 (𝑎𝑐 +
𝑚 − 1

4
𝑏𝑑 +

1 + √𝑚

2
(𝑏𝑐 + 𝑎𝑑 + 𝑏𝑑)) 

= (
𝑎𝑐 +

𝑚 − 1

4
𝑏𝑑 𝑏𝑐 + 𝑎𝑑 + 𝑏𝑑

𝑚 − 1

4
(𝑏𝑐 + 𝑎𝑑 + 𝑏𝑑) 𝑎𝑐 +

𝑚 − 1

4
𝑏𝑑 + 𝑏𝑐 + 𝑎𝑑 + 𝑏𝑑

) 

= (
𝑎 𝑏

(𝑚 − 1)𝑏

4
𝑎 + 𝑏

) (
𝑐 𝑑

(𝑚 − 1)𝑑

4
𝑐 + 𝑑

) 

= 𝜙2 (𝑎 + 𝑏
1 + √𝑚

2
) 𝜙2 (𝑐 + 𝑑

1 + √𝑚

2
) 

Therefore, ф2 is a ring homomorphism. 

Let 

𝜙2 (𝑎 + 𝑏
1 + √𝑚

2
) = 𝜙2 (𝑐 + 𝑑

1 + √𝑚

2
) 

Therefore 

(
𝑎 𝑏

(𝑚 − 1)𝑏

4
𝑎 + 𝑏

) = (
𝑐 𝑑

(𝑚 − 1)𝑏

4
𝑐 + 𝑑

) 

 

 

Therefore,  
𝑎 = 𝑐, 𝑏 = 𝑑 

Therefore, 

(𝑎 + 𝑏
1 + √𝑚

2
) = (𝑐 + 𝑑

1 + √𝑚

2
) 

Thus, ф2 is 1-1. 

Let 

(
𝑎 𝑏

(𝑚 − 1)𝑏

4
𝑎 + 𝑏

) ∈ 𝑆2 

Take 

𝑎 + 𝑏
1 + √𝑚

2
∈ ℤ [

1 + √𝑚

2
] 

𝜙2 (𝑎 + 𝑏
1 + √𝑚

2
) = (

𝑎 𝑏
(𝑚 − 1)𝑏

𝑏
𝑎 + 𝑏

) 

Therefore, ф2 is onto. 

Hence, ф2 is an isomorphism. 
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