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Abstract:

Fractional calculus techniques are extensively employed in science and engineering
including the new Jafari transform iterative method (NJTIM), which has not been studied by re-
searchers using the Caputo fractional derivative. The new methodology demonstrates how two
strong methods, the new iterative method and the Jafari transform method, may be combined
and applied to provide exact solutions to fractional partial differential equations. Three distinct
examples are also provided to demonstrate the accuracy and efficacy of my methodology.
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1. Introduction:

In the last two decades, physicists, mathema-
ticians, and engineers have focused heavily on
fractional differential equations [1-4]. Fraction-
al derivatives may be used to simulate a wide
range of trans disciplinary issues. The majority
of fractional differential equations, however, are
extremely difficult for us to solve exactly, neces-
sitating the use of numerical and approximation
techniques. Both linear and nonlinear fractional
differential equations have been solved thus far
using a variety of techniques. As an illustration,
the homotopy perturbation method [5-6], the
homotopy analysis method [7], the Adomain
decomposition method [8], the variational iter-
ation method [9-10], the variational homotopy
perturbation method [11], the homotopy per-
turbation Sumudu transform method [12], and
Sumudu variational iteration method [13]. One
of the most significant fractional partial differ-
ential equations is the time-fractional Cauchy
reaction—diffusion equation [14-16]. Numer-
ous linear and nonlinear systems in physics,
biology, and engineering may be described by
the time-fractional Cauchy reaction diffusion
equations [17]. Using the homotopy perturba-

tion transform method with the aid of the La-

place transform, the approximate solutions of
the time fractional Cauchy reaction—diffusion
equations have been derived in the reference
[18]. Furthermore, using a new iterative meth-
od with the aid of the Sumudu transform, the
approximate solutions of the time fractional
Cauchy reaction—diffusion equations have
been derived in the reference [19]. In refer-
ence [20], NIM is proposed to solve linear and
nonlinear integral and differential equations.
NIM is simple to apply and gives superior and
more accurate final results than other methods.
This paper presents a novel approach to solv-
ing time-fractional Cauchy reaction-diffusion
equations, which | term the New Jafari Trans-
form Iterative Method (NJTIM). The approach is
based on the Jafari transform [21] and can yield
analytical and numerical solutions. Thanks to
[19-20], my iterative method expands NIM in
a novel way. This new approach, which the re-
searcher suggested, has the benefit of making
the computation straightforward and extreme-
ly accurate in order to estimate the exact result.
2. Fundamentals of fractional calculus

This section provides some fundamental con-
cepts and characteristics of the Jafari transform

and fractional calculus that will be used in this
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paper:

Definition 1. [2] The left sided Riemann-Liouville fractional integral of order 6 >0, of a function

§€CG,O'Z—1 is defined as:

J’E(9, r)_%j(t )" E(9,7)d s,

where @ > 0,7 >0 and I'(0) is the Gamma function.

Definition 2. Let f € C,: ,neNuU {0} . The left sided Caputo fractional derivative of f in the
Caputo sense is defined by [22] as follows:

|
t-s)"&E"Gr)ds, n-1<0<n,
D'&(9,7)=4T(n —6’)'[[
D! &(9,7), 0=n, @
Also one has the following properties:
D"C =0, ( C is constant ),
Lo+ T, y>60-1,
D' =4 T(y-0+1)
0, y<0-1, 3)

J9D9§(n9,r)=§(l9,r)—'"21§“>(9,0)%, m-1<0<m,

(4)
D'J’E(9,71)=&(9,7).
Definition 3. [24-25] In fractal space, the Mittag-Leffler function is defined as:
E,(¢')=3—" . 0<6xl,
./:ol"(] 0+1) (5)
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Definition 4: [ 21,26] The Jafari transform is defined over a group of functions B.

B ={§(r)/ac, n,n,>0,[&(0)|<C E ['ni'j if Te(-1) x[0,0),i = 1,2}.
' .(6)
By the following integral
Y[é(r);s]:T(s):w(s)]je"”(”’ &(r) dr, @)
where 7> 0, @ (s ) # 0, and @ (s ) are positive real functions.
Some special properties of the Jafari transform are as follows:
@ (s) ®

()
ey
o o),

a)jH+l(S

Definition 5: [21, 26] The Jafari transform for the Caputo fractional operator for m —1 < @ < m

is defined as:

Y[ED,S 5(19,1)]: @’ (s )E [5(19,7)] —w(s) mZa)‘g"’k (s ) gw (,9,0), .............. 9)

k=0
3. Analysis of NJTIM
In Caputo operator sense, consider the following, a general nonlinear fractional partial differential

equation with the initial condition:

‘D!ES, T)+LEWG, 1)+ N &3, 1)=g($7), 0<OSIL. (10)
$(3, 0)=5,(9, (1)

where ‘;D ? is the g order fractional Caputo derivative, & is the unknown function, 7 and p/ are
T

linear and nonlinear operators, and & is the source term.
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By applying the Jafari transform to Eq. (10), the result is obtained
Y[;D! &3, )] =Y[g (8, 7)-L &Y, 1)=N &3, 7) ], (12)

from Definition 5 and Eq. (12)

Y[£(8, 1)]= (; (8.0)+ " (s)Y[g (9 7)-L &S, 1)~N & 7)].-(13)

By using the inverse Jafari transform, the following result is obtained

s(9,1)= Y{ 85(30)%’ )Y[g(&r)—Lé(s,r)—N(:(s,r)]}. """ o

Then suppose that:

JACH r):Y[

ZU(S
(s)
LEW, D)==Y"[o (s) Y[L &S D]],
N &3, 1)==Y"[o '(s) Y[N &, 0]].

N—"

£(20) 0 (5) (0.7

Thus, Eq. (15) may be expressed in the following form:
SE, )= (3 1)+L (3 1)+ N &(I, 7). (16)

Itis possible to express the solution to Eq. (16) in series form.

&9, 7) =i§j (9, 7). (17)

The decomposition of the nonlinear term N [5(3’ T)] by a new iterative method as follows
® @ J VAN Y W (18)
N [£(8, 1)]= Td,=N [& (9, )]+ > (N ('zog,. )—N (zo & ))
J= J= L= L=

Equations (17), (18) and (15) can be substituted into Eq. (16) to produce

igj('g, T)=f(19, T)_Yll:a)a Y|:L igj(lg’ T)_'_iAjo ................................. (19)
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Based on the comparison in Eq. (19), we can attain the following:

&=f (8 7)=_" ZE::; £(8,0)+0 (s)Y[g (9 7)]|.

E==1"[o"(s)Y[£+4,]],
E=—Y" [a) (s)Y[&+4 1]],
£,=—Y [0 (s)Y[¢+4,]]. j=012...
The approximate j-term solution for Eq. (20) may be found by

E9. 1))=Y £ (9, 7). @)

4. Applications
This section evaluates the applicability and accuracy of the fractional new Jafari transform iterative
method through three examples.

Example 1: Consider the following time-fractional Cauchy reaction—diffusion equation in Caputo

operator sense.

Eng é:('ga T) = 539(193 T) - é:('-ga T)a 0<0< 15 (22)
Subject to the initial condition
5(19, 0) =e '+ 4. (23)

The Jafari transform is applied to Eq. (22), and the initial condition (23) is utilized to obtain

Y[§(19, z’)]: Zgj))(eg +19)+wa (S)Y[fw('ga ) &9, T):I ........................

The inverse Jafari transform is applied to Eq. (24), and the result is obtained

................... (25)
E9,7)=Y" {%(ﬁ +3)+o ' (s)Y[&,(% )49, 1) ]| ”
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Based on the NJTIM, the result is obtained

e =1 | T8, @s)
f(91)=E(9,0)=Y L’(S)(e +9)},

L[&@, D]=Y" [0 (s) T[£,08, D-&9, D ]].

Equations (17) and (26) can be substituted into Eq. (16) to produce

igj &, )=Y" {%(@9 +l9)}+7f1 |:a)9 Y[g[éw(& RACH r)]ﬂ.

(27)

The following findings are acquired by iteration:

E=e’+9,

=Y [0 (s)Y[e " e ~9]] r(o+1)
*“LW =“W2J
gc g
T r(e+1)’ TT(20+1)
&= o (s)1[&,-¢.]] _ ‘”1[;152)}
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Thus, the solution of Eq. (28) is given as

§(9, 1)=&, (8 1)+ (9, D +E(I, 1)+

0 20 30 j
. T T T
=e’+9|1-

=e”’ +19i—(_1) c

Jj=0 ( j 9+1)
=e'+9E,(-7").

T
r(0+1) T(20+1) T(36+1)  T(j6+1)

If 0=1 is substituted into Eq. (29), the exact solution is obtained
(3, 1)=e’+9E(-7)=e"+3e".
This is entirely consistent with the findings in Reference [18-19].
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Fig 1. The three-dimensional contours solution of (9, 7).
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Fig 2. The two-dimensional graphical visual of 5(19, T) with 7=0.5at multiple values of 0.
Example 2: Consider the following time-fractional Cauchy reaction—diffusion equation in Caputo

operator sense.

‘D’&(3, 1)=£,,(9, r)—(1—4192) &G, 1), 0<6<], (30)

Subject to the initial condition
5(‘99 0) =e‘92' (31)

The Jafari transform is applied to Eq. (30), and the initial condition (31) is utilized to obtain

Y[&(Y, 7)]= Z((j; (") +@ " (s) Y[&,.(8 1) —(1-49%) &8, 1) ]. =GP

The inverse Jafari transform is applied to Eq. (32), and the result is obtained

K . y PP (33)
G, 1)=0_ {w((j;(e )+a) (S)Y[fss(& T)—(1—419 )5(,9’ 1—)]. 33

Based on the NJTIM, the result is obtained

! w’ s 2N |
f (8 0)= &0, 0)= 1 L}Es;(e )}, o

L[, D]=Y" [0 (s) Y[£,(8, )-(1-49") £, D] |.

Equations (17) and (34) can be substituted into Eq. (16) to produce

Zé(& 0=Y" [ﬂ(ea“)}_p {a)‘g Y|:i|:é:/9.9('97 £)-(1-48") & (4. T)}ﬂ' ....... 35)

a)(s) =0
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The following findings are acquired by iteration:

g =e”,
E=Y"o" ()Y, -(1-49°) &,]]
T lo " (s)Y[4%e” +2¢7 —(1-49") e " ||
e Y w(s)
| 5
:re(aid)’
=" ()&, -(1-49)¢,]]

E=Y" [a) (s)Y[&,,~(1-49) &.]]
v |oen| ey

_ eszz_se
r(3e+1)’

£, =Y [0 (s)Y[&,.~1-49 ¢ ]]

T(jo+1)

e’r’’

https://journals.uob.edu.ly/AJHAS
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Thus, the solution of Eq. (36) is given as

EG, 1) =E(F D) +ES 1) +E(S, T) +-+

6 20 360

s + v + v + T 4. 2 4.
[(6+1) T(20+1) T(360+1) T(jO+1)

=e

If @ =1 is substituted into Eq. (37), the exact solution is obtained

EY, 1)=e" E(r) =e .

This is entirely consistent with the findings in Reference [18-19].
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Fig 3. The three-dimensional contours solution of 5(3, T)-
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Fig 4. The two-dimensional graphical visual of 5(19, T) with 7 =0.5at multiple values of
0.

Example 3: Consider the following time-fractional Cauchy reaction—diffusion equation in Caputo
operator sense.

DIEG, 1) =E (9 1) E(8, 1)+ €9, 7) E(9, 1) - E(8, 1)+ E(8, 1), 0<B<L......(38)
Subject to the initial condition
$(9,0)=e’. (39)
The Jafari transform is applied to Eq. (38), and the initial condition (39) is utilized to obtain

g 0 539(‘9’ T)_fs(lg’ T)+539(19, T) 5('97 2-) ...........
Y[£(Y, T)]:%(e )+ (S)Y|: £S04 £, ) } (40)

The inverse Jafari transform is applied to Eq. (40), and the result is obtained

")y (s) wa(& D)=E,(9.7)+£,(8.7) £05, T)H' ..... @

£8.0)=1 lm e —E(9, 1)+, )

5.Based on the NJTIM, the result is obtained

S (& 0)=8(8,0=1" {%(eg)}

LIEG, D)= [0 (s) Y [£,.08 D=&,(9, )+E9, )],
N &S, )] =Y" [0 (s) T[£,08, D&, -£(9, 1)]].

The decomposition of the nonlinear term N I:‘):.g‘g('g: T) 5(19: T) - 52(199 T)] by a new iter-

https://journals.uob.edu.ly/AJHAS
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ative method as follows

Ao =§099 go _502’
4,=¢,,(8, 1)=&,
Az 25299(193 T)§2 _522’

Aj:§j99(197 T)fj—é:jz, ]20,1,2,

(43)

Equations (17), (43) and (42) can be substituted into Eq. (16) to produce

3 : A ¢ - -0 N QN E QN E(Q Ny g T
;fj(9,7)=Y’ L)Es;(e )}w {a) Y{;[éw(&,r)—fw(&z-)+§j(l9,1)+AJﬂ‘ (44)

The following findings are acquired by iteration:

£=c”,
E=Y"[0 " (s)Y[&,,(8 0-&,,9. )+£,(8, 1)+ 4, ]
=Y" [a)'(’ (s)Y[e 3]]

| %)

b

“T(6+1)

E=Y" 0" (s)Y[£,,(9 D)=E,(% D+E(S D) +4,]]

o {“’ (S)Y{rf;fnﬂ

9,20

. erT
T(20+1)°
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E=Y" 07 () Y[E,,(% D) -E,(% D +E(9, 1) +4, ]

o
| 2 ]

9,360

__°r
r(3e+1)’

E.=Y"[0"(s)Y[£,,8.0-¢ (8, )+& (9. 1)+4 ]

e’r’’

Tes ) e

Thus, the solution of Eq. (45) is given as
§(8, 1) =5, (3, )+ 8 (8, 1)+ 5, (I, 1)+

20 360 je

=e’| 1+ o T— P I
L(6+1) T(20+1) T(36+1) I(jo+1)

o0 Tjg
=I(j0+1)

:eSEG(TB).

:eg

If @ =1 is substituted into Eq. (47), the exact solution is obtained
E(3, t)=e’E(r)=e"".

This is entirely consistent with the findings in Reference [19, 23].
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6. Numerical results

Figures 1, 3, and 5 illustrate the exact solutions
of equations (29), (37), and (46) for various

0=02505075_ 1

values of

for 0<9<1 0y 0<7<1

represent-
ed as three-dimensional contour graphs for
the time-fractional Cauchy reaction-diffusion
equation with the Caputo fractional operator.
These graphs demonstrate that as the value of
gincreases from fractional order, my results
increasingly converge with the exact graph at
0=1 .InFigures2,4,and 6. The exactsolutions
corresponding to the two-dimensional graphs
have been computed 0=0.25,0.5,0.75
and 1 with 7 =O'Sfor the time-fractional
Cauchy reaction-diffusion equation with the
Caputo fractional operator. These figures also
show that when 0= 0'25’ 0'5’ 0'75, The
obtained values are found to be very close to
the exact solution ate = 1. Finally, NJTIM is a
fast and efficient technique.

7. Conclusion

In this study, the NETIM approach was success-
fully developed to obtain an exact solution to
the time-fractional Cauchy reaction-diffusion

equation with the Caputo fractional derivative.

Since the Jafari transform method is constrained

and cannot get the series solution, The new it-
erative method is used to extract the iterations
from the classical equation, which can lead to
the exact solution in a straightforward manner.
To demonstrate the efficiency and efficacy of
the suggested approach, three illustrative ex-
amples were presented. It has been proven that
my results are consistent and accurate in find-
ings the exact solution. The obtained results are
effective and exact, demonstrating that NETIM
with the Caputo fractional derivative is accurate
and reliable for solving fractional-order partial
differential equations. Finally, the new method
has a low computational load, which is one of
its main advantages.
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