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Abstract

This paper presents a comprehensive analysis of the asymptotic behavior and stability properties of a novel class of
nonlinear Volterra integro-differential equations featuring time-varying delays. The model under investigation
incorporates a linear instantaneous dissipation term coupled with a nonlinear integral memory component
characterized by a saturation-type response. The nonlinearity is defined by a function ¢({) satisfying specific
growth and boundedness conditions. We establish the existence and uniqueness of solutions using a constructive
framework based on Krasnoselskii's fixed point theorem. Subsequently, we employ the Razumikhin method to
derive explicit, computationally verifiable stability criteria. Our main theoretical contribution lies in formulating
concrete stability conditions that substantially extend and generalize previous results for similar equation structures.
The practical relevance of our theoretical framework is demonstrated through applications to biological systems,
such as population dynamics, and engineered systems, including artificial neural networks.
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Rigorous Analysis of a Nonlinear Volterra Integro-Differential Equation with Time-Varying
Retardation: Existence, Uniqueness, and Asymptotic Convergence Criteria

1. Introduction

Volterra integro-differential equations with delays represent a fundamental class of mathematical
structures within the broader theory of functional differential equations. Since Vito Volterra's pioneering
work on population dynamics [15], these formulations have proven indispensable across numerous
modeling paradigms. These equations excel at describing systems where the instantaneous rate of change
depends on both the current state and the system's historical evolution, with the integral memory term
capturing this temporal dependence. The analytical challenges posed by such models, particularly those
incorporating time-dependent delays and complex nonlinearities, have motivated sustained research
efforts over the past century [4, 5].

The systematic investigation of stability properties in nonlinear dynamical systems with time delays
constitutes a cornerstone of modern control theory and dynamical systems analysis. Early contributions by
researchers such as Burton [4, 5] established foundational analytical frameworks for studying stability and
periodic behavior in both ordinary and functional differential systems. Later, Hale and Verduyn Lunel [9]
systematically organized the mathematical machinery for functional differential equations, presenting
sophisticated techniques that continue to influence contemporary research directions.

Within this theoretical landscape, questions regarding the existence and uniqueness of solutions represent
essential prerequisites for any meaningful stability analysis. The established methodology in this field
requires first demonstrating the existence of a solution for given initial conditions, then proving its
uniqueness, before undertaking a detailed characterization of its stability properties. Recent
methodological advances, exemplified by the work of Makhzoum and colleagues [1, 3, 2, 12, 11], have
highlighted the efficacy of fixed-point approaches-particularly Krasnoselskii's theorem-in identifying
periodic solutions and examining stability characteristics in nonlinear neutral differential equations with
functional delays.

Parallel developments in the analysis of periodic solutions for various classes of nonlinear differential
equations have further enriched this field. The works of Eze and collaborators [6, 7, 8, 14] have
demonstrated sophisticated techniques for establishing existence, uniqueness, and stability of periodic
solutions in equations with damping, resonance effects, and elastic coefficients. These contributions, along
with related research on Duffingtype-equations [13] and almost periodic solutions on time scales [10],
provide valuable methodological insights that inform our current approach.

The present study introduces and analyzes an innovative class of Volterra integro-differential equations
characterized by a distinctive combination of a linear, time-varying dissipation term, a nonlinear integral
operator with a specific saturation function, and a time-dependent delay. To our knowledge, this particular
synthesis of elements has not been thoroughly investigated in the existing literature. Importantly, our
model differs fundamentally from the class of neutral differential equations with delays studied by
Makhzoum and colleagues [12, 11], where the delay affects both the state variable and its derivative. Our
focus on a pure integro-differential structure necessitates a specialized analytical approach tailored to its
specific characteristics.

The primary objective of this work is to establish a definitive and quantitatively verifiable stability
criterion expressed as
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This inequality represents a significant departure from the predominantly abstract or existential stability
results common in the contemporary literature. Unlike previous studies that often yield abstract conditions
based on operator theory, our approach produces a tangible inequality that can be directly evaluated using
the system's physical or engineering parameters. This result provides practical, quantitative guidelines for
parameter selection in applied models, effectively bridging theoretical abstraction with engineering
application.

Our contributions are multifaceted: we introduce and analyze a novel nonlinear Volterra integro-
differential equation framework with non-constant delay and specific saturation nonlinearity; we provide
detailed proofs for solution existence and uniqueness based on Krasnoselskii's fixed point theorem; we
conduct a rigorous stability analysis using the Razumikhin technique adapted to this equation class; our
stability criteria are explicit and readily verifiable, representing a substantial improvement over previous
results; and we demonstrate the practical applicability of our theoretical advances through applications to
population dynamics and neural network theory.

The remainder of this paper is organized as follows: Section 2 outlines the fundamental mathematical
concepts and assumptions. Section 3 presents the existence and uniqueness proofs. Section 4 details the
analysis of asymptotic stability. Section 5 provides illustrative applications. Finally, Section 6 summarizes
our findings and discusses potential directions for future research.

2 Preliminaries

This section establishes the foundational definitions, underlying assumptions, and mathematical
framework that support our subsequent analysis.

2.1 Essential Definitions and Mathematical Properties

Definition 2.1 (Saturating Nonlinearity). We consider a function ¢: R — R defined by

¢

—,v>1
1+

¢ =

This functional form is commonly known as a saturating nonlinearity and possesses several key
properties:

1. The function ¢ is globally Lipschitz continuous with constant L.

2 . For all { € R, the inequality |¢({)| < |{| holds.
3. The function ¢ exhibits odd symmetry: ¢(—0) = —¢(J).
4. The function ¢ is bounded, with | ({)| < My forall { € R.

Definition 2.2 (Initial Function Specifications). For the integro-differential equation (1), initial conditions
are specified on the interval [y (z,), 7o], Where

x(to) = inf{t — o (7): T = 70}

The initial function ¥ must be continuous on this interval, i.e., ¥ € C([x (), Tol, R).

2.2 Model Formulation and Motivation
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The structure of Equation (1) is motivated by its applicability in modeling systems with memory and
saturation effects across various scientific domains. We briefly outline its derivation in the contexts of
population dynamics and neural networks to illustrate its relevance.

Population Dynamics: Consider a population with density {(t). The term —y(7){(7) can represent an
instantaneous mortality or harvesting rate. The integral term models a regulated, delayed growth rate. In
many species, reproduction depends on population levels in the recent past due to gestation periods or
resource regeneration. The kernel K(T,€) weights the influence of
past populations, while the saturation nonlinearity ¢ (¢) prevents unbounded population growth, reflecting
finite resource availability in natural systems.

Artificial Neural Networks: In firing-rate models, {(t) represents the average membrane potential or
firing rate of a neuronal population. The linear term —y(t){(t) models the inherent leakage current
driving the potential toward its resting state. The integral term represents synaptic input from other
neurons, incorporating transmission delays via the kernel k(t, €). The function ¢({) acts as an activation
function (e.g., a sigmoid), ensuring the neuron's firing rate remains within physiologically plausible
bounds.

Thus, Equation (1) provides a general framework capturing essential features like instantaneous
dissipation, distributed delayed feedback, and saturating nonlinearities common to many complex
biological and engineered systems.

2.3. Fundamental Assumptions

For a coherent development of our arguments, we formalize the fundamental assumptions underlying our
analysis.

(H1). The function y: [t,, o) — R is continuous, and there exists y; > 0 such that |y (7)| < y; for all
T 2 T.

(H2). The delay function o: [7y, ) — R is continuous and satisfies 0 < a(t) < W for all T > 7, with
constant ¥ > 0.

(H3). The kernel function k: [ty, ) X [x(7g), ) — R is continuous and bounded, with |k(z, €)| < Kk,
forallt > tyand e < 7.

For stability analysis, we strengthen these assumptions as follows:
Assumption 2.4 (Al). There exist positive constants &, and §; suchthat 0 < §, < y(1) < §; < oo forall
T 2 Tp.

(A2). The kernel function x(t, €) is continuous and bounded, with |k(t,&)| < k, forallt > 15and e < 7.

(A3). The delay function a(7) is differentiable and strictly positive, with 0 < ¢'(t) < p < 1 for all
T > 14. This condition ensures that T — o (7) is strictly increasing in t.

Remark 2.1. The condition 0 < ¢'(7) < p < 1 in Assumption (A3) is crucial. It guarantees that the
delayed argument T — a(7) increases monotonically with t, a prerequisite for applying the Razumikhin
technique in our stability analysis.
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3. Main Results

3.1. Establishing Solution Existence and Uniqueness

Before undertaking stability analysis, we must first rigorously demonstrate the existence of a unique
solution to the proposed nonlinear Volterra integrodifferential equation with time-varying delay. We
consider the equation:

d T
F e+ [ kEosEEET 2 D)
7-0(1)

with initial condition:

{(@) =), 7 € [x(T0), To]#(2)
where y(ty) = inf{t — o (7): T = 70}, and Y € C([x(7y), Tol, R) is the given continuous initial function.

Theorem 3.1 (Existence and Uniqueness of Solution). Under assumptions (H1)-(H3), the integro-
differential equation (1) with initial condition (2) admits a unique continuous solution on [x(z,), 7o + x]
for some y > 0.

Proof. We reformulate the initial value problem as an equivalent integral equation. Integrating from t, to
an arbitrary time t yields:

(@) =) - | ywiear+ | (f ] ()x(v.w)cp(z(w))dw)dv

To

To prove our claim, we construct a fixed point problem. Let T = t, + y for some y > 0, and consider the
Banach space X = C([x(t,), T1, R) equipped with the supremum norm || - ||. Define an upper bound:

N = maX{ sup Y@, [P (To) + 1}-
T€[x(70),70]

Let S c X be the closed, convex, honempty subset:

S ={¢eX:{(r) = (1) for T € [x(7o), 7ol, and [{(7) — (7o) < 1 for 7 € [z, T1}.
Define operators Aand Bon S :

P(1), 7 € [x(70), 70l
A = {w(ro) - f Y)Wy, 1€ [1,T]

To

0, T € [x(70), 7ol
(BO(1) = {f <f kv, w)¢(5(w))dw) dv, T€ [1,,T]
To v—o(v)
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Finding a solution is equivalent to finding a fixed point of P = A + B. We now verify that these operators
satisfy Krasnoselskii's Fixed Point Theorem for sufficiently small x> 0.
(1) A is a contraction: For {,é € Sand 7 € [1,,T] :

1(AO)(®) — (AH ()] = ‘—f YWE) —=$W)dv| < y1 (T — 1)< =<l

To

Choosing y < 1/y4 ensures A is a contraction on S.
(2) B is continuous and compact: Consider a uniformly convergent sequence {{,,} < S with {,, » { € S.
Fort € [1,,T] :

1(BE) (@) — (B (0)] = f f o KB En(@) ~ HE @Dty
< k1 Lp W (T — 70)[$m =l

Asm — oo,||¢,, — ¢|| = 0, so ||B,, — B{|| — 0, establishing continuity.
For compactness, we apply the Arzela-Ascoli theorem. Forany { € Sand t € [t,, T] :

[(BO (D) < k1 Mp¥ (T — 70)
demonstrating uniform boundedness. For equicontinuity, take 7,7, € [t, T] with 7, < 7, :
|(BO(r2) — (BO ()] < K1M¢W|T2 — 74|

For any € > 0, choosing 6 = e/(K1M¢1P) ensures |(B{)(t,) — (B{)(t1)| < € when |t, — 74| < §, for all
¢ € S. Thus B(S) is equicontinuous, and by Arzela-Ascoli, B is compact.
(3) A+ B¢ e Sforany {,§ € S:Fort € [14,T] :

[(AD)(7) + (BS)(7) — (7o)l
< Ny;(t —19) + NiyW(T —70) = N(yq1 + 1, P) (T — 1)

Choosing y < (N(y, + ;cl‘{i))_1 ensures |(A0)(7) + (BS)(r) — Y(to)| < 1, so the operator sum maps S
into itself.

All conditions of Krasnoselskii's theorem are satisfied, guaranteeing a fixed point in S corresponding to a
solution of the integral equation.

For uniqueness, suppose {(7) and (1) are two distinct solutions on [y (z,), T]. Define:

W()= sup ]If(f) =@l

e€[x(to)T

By the initial condition, W (t,) = 0. For t € [1,, T] :
T

@ = £ = (1 +ra¥iy) | Wy

To

456
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This implies W (7) < (y; + K1LPL¢,) fTTO W (v)dv. Gronwall's inequality with W (zy) = 0 gives W(t) =0
for T € [ty, T], proving uniqueness.

3.2. Asymptotic Stability Analysis

We now derive sufficient conditions guaranteeing asymptotic stability of the trivial solution using a
Razumikhin-type argument.

Theorem 3.2 (Asymptotic Stability Criterion). Under assumptions (Al),(A3), if the inequality

5 >K1LP

#(3)

holds, then the trivial solution {(7) = 0 of equation (1) is asymptotically stable.

Proof. We first establish global existence of solutions. The saturating nonlinearity ¢({) is bounded by
Mg max- From equation (1), the solution derivative satisfies [¢'(7)| < 61|¢(7)| + kg ¥Mp max. Gronwall's
inequality then ensures all solutions remain bounded on finite time intervals, preventing finite-time blow-
up and guaranteeing global existence on [, ).

We now employ a Razumikhin-type stability argument. Consider the Lyapunov function candidate
V(t) = |{(t)|. The Dini derivative along trajectories of (1) is:

. d¢
V(@) = sgn¢ (@) 5

= sgn(¢(1)) [—V(T)C(T) " f_ K(T,E)cb(f(E))dS]

o(T)

< —v(@I¢@| +

f_()mu@¢@@D&

S—%K@N+f_()h@¢ﬂ@@@»ﬁe
<=+ [ K@lds

T—0(1)
where we used assumptions (A1), (A2), and the property | ()] < [{].
We now apply a Razumikhin theorem variant for equations with variable delay. Asymptotic stability can

be established if there exists g > 1 such that whenever |{(¢)| < q|{(7)]| for all € € [t — a(7), 7], we have
V* (1) < 0. The condition 0 < ¢'(7) < p < 1 allows us to choose g = 1/(1 — p) > 1.

Assume for T > 7, that we are in the Razumikhin set: |{(¢)| < ﬁ |¢(7)| forall € € [T — a(7), T]. Then:

' d T d _a(@ _Y
L_U(T)lf(e)l S<L_U(T)1_plf(1)| 6——1_p|Z(r)|_m|g(1)|

Substituting into the Dini derivative inequality:
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y
1-p

- K ¥
Vo (@) < =60[¢(D)] + K1 s

K@ = (=8 + =) K.

By stability condition (3), the parenthetical expression is negative, so V*(r) < 0 whenever the
Razumikhin condition holds. This establishes the conditions for the Razumikhin theorem, from which we
conclude asymptotic stability of the zero solution.

4. Applications

4.1. Application I: Population Dynamics with Harvesting

To demonstrate the practical applicability of our existence and uniqueness theorem in a biological context,
we consider a fish population model with harvesting and delayed, saturated growth. Let P(t) represent
population density at time t. The model is:

t
= EOPO+ [ et D

at Y T+ POEY

with initial condition:
P(t) =1,t € [—1,0}

Here, E(t) =%|sin(t)| represents time-varying harvesting effort, the integral term models delayed,

density-dependent growth with saturation (preventing unbounded growth at high densities), and the kernel
ae P9 weights the influence of past populations.

We systematically verify that all conditions of our theorem are satisfied. First, y(t) = E(t) = % [sin(t)] is
continuous and bounded by |y (t)| < % so we take y; = % Second, the delay function o (t) = 1 is constant
and continuous, satisfying 0 < a(t) <1, so ¥ = 1. Third, for « =i and B =1, the kernel k(t,s) =

ae~P(=5) js continuous and bounded by |k (t, s)| < %, SO Ky = %. All prerequisites are met, guaranteeing a

unique continuous solution to this initial value problem on [—1, x| for sufficiently small y > 0. This result
is biologically significant, ensuring the population trajectory is uniquely determined for a finite time
horizon under these modeling assumptions.

4.2. Stability in a Recurrent Neural Network

To exemplify the utility of our stability theorem in an engineering context, we investigate asymptotic
stability of the resting state in a neuronal population model with recurrent feedback and synaptic delays.
Let x(t) represent the mean membrane potential. The model is:

dx £
—=—Ax(t) + Je~ =)/ Ttanh(x(s))ds
dt t-c

Here, —Ax(t) is the leakage current, the integral term represents delayed synaptic feedback, J is synaptic
strength, and tanh(x(s)) is a sigmoidal activation function (a saturating nonlinearity).



University of Benghazi ... Faculty of Education ... Journal of Faculty Education ... The ...
The nineteen number...December 2025

We verify the assumptions of Theorem 3.2. The coefficient function y(t) = A = 3 is constant and
positive, so 8, = 3. The kernel k(t,s) = Je~(¢=9)/7 js continuous and bounded; for J = %and finite

T, |k(t, 5)| < % SO Ky = % The delay function o (t) = 0.5 is constant, so ¢'(t) = 0 and p = 0.

We now check the stability criterion (3):

s Y
07T 0
Substituting parameter values:
% X 0.5
3>
1-0
3>0.25

The inequality holds, so the trivial solution {(7) = 0 is asymptotically stable. This finding has significant
implications for neural network design, ensuring predictable convergence to the resting state under the
specified parameter conditions and preventing runaway excitation.

5. Conclusion

This study has provided a thorough examination of a novel nonlinear Volterra integro-differential equation
with time-dependent delay. We first established solution existence and uniqueness using Krasnoselskii's
fixed point theorem, aligning with contemporary approaches to functional differential equations.
Subsequently, we employed the Razumikhin theorem to derive an explicit, quantifiable criterion
guaranteeing asymptotic stability of the zero solution.

Our work enriches the literature on functional equations by providing detailed, rigorous analysis for a
specific yet generalizable nonlinearity and structural form. The formulation of an explicit stability
condition

KW
1-p

8o >

represents a substantial practical advance beyond mere existential stability results, offering definitive
quantitative guidance for parameter optimization in applied modeling.

The applications to population dynamics and neural network theory demonstrate the immediate utility of
our theoretical findings. In the population model, our analysis guarantees a unique population trajectory
essential for ecosystem prediction. The stability criterion in the neural network model ensures bounded
neuronal activity and return to baseline, a fundamental requirement for reliable information processing.

Promising future research directions include extending this analytical framework to models with neutral
terms, investigating periodic solutions with periodically varying coefficients using advanced fixed-point
techniques, and exploring applications in more complex biological and engineering systems with multiple
time delays and intricate distributed parameters. The rigorous methodological framework developed here
provides a solid foundation for these future investigations into more complex functional differential
equation structures.
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