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Abstract

The real Quaternions H over R is an associative division algebra.They can be linearly represented by 4x4 real matrices.
The real Octonions @ over R is a non —associative division algebra. They can't be represented linearly by matrices as in
the case of H. The point of this paper is to represent Octonions linearly by ordered pairs of two 4x4 matrices.
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@ is a non-associative algebra over R (see theorem 7).
Therefore @ cannot be linearly represented by the same way
above. However, there are different approaches to this problem.
They produce different results [ %1, The point of this paper is to
represent octonions linearly by ordered pairs of two matrices.

2. CONSTRUCTION

1. INTRODUCTION

Hypercomplex numbers of importance are of dimensions 1,2,4
and 8. They are respectively the reals R, the complex numbers
C, the quaternions (Hamiltonians) H, and the Octonions
(Cayley numbers ) ©@. The basis of H is {1,i,j,k} where
i?=j2=k?>=ijk=—-1.Forq=a+bi+cj+dkinH, the

conjugate and norm of g are respectively defined by ¢* = a —
bi—cj—dk and |lqlly = q*q = a® + b? + c? + d%.Thus we
have

Lemmal.
g~ =q (iDqq" =q*q (iii)(q192)" = 92" q1"
(iU)”?”q”u-n = |rlllqlly (U)H‘h%”u-n = |lg1llmllgzllm -

R, C,and H are associative algebras over R. Therefore
they can be represented linearly by matrices as follows 1,

R:7 & [r]
C: a+bi & [a _b]
b a
a -b —c —d
. : : b a d —c
H: a+bi+cj+dk = c —d a b

d c -b a
Also, H can be represented by 2x2-complex matrices as
follows :

z+wj o [va _;V:]
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We use the Cayley-Dikson theorem [l to construct
hypercomplex numbers.

Let T be the set of all hypercomplex numbers of dimension n
(n=1,2, or 4). The next set of hypercomplex numbers I'’ of
dimension 2n is constructed as follows

I'={(a,B):a,pel}
Addition and scalar multiplication on I are defined by
(@,.p)+,8) =(a+y,B+6), and
r(a,B) = (ra,rB) where re R
Theorem 2. T’ is a vector space over R of dimension 2n
Proof.
[ is a vector space over R of dimension n.
Let uy, uy, ..., u, be the basis of T.

' is a vector space with respect to the addition and scalar
multiplication just defined. The basis of T is

(uy,0), (uy, 0), ..., (uy, 0), (0,uy), (0, uz), ..., (0,uy) .
Therefore the dimension of T is 2n.

Corollary 3:T' = T' @ T as vector space .

We introduced the conjugate and multiplication on T’ in terms
of conjugate and multiplication of T as follows :

(@,p)" = (a’,—p) and
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(@,B)(y,8) = (ay = &"B,6a + By").

Lemma4d. (i) ¢* = ¢ (i) (py)* =y~ ¢~ , for any
o, Y er’

Proof .

Let

¢, €T’'.Then¢ = (a,B),
Y =(y,6) wherea,B,y,6 €T

)¢ = (a,)" = (a',—B)
¢ =(a", =) = (@, B)=(ap)=¢

(i) (o) = (@, B) (¥, 6) = (ay — 6"B, 6a + By™)
(¢y)" = (ay = 6B, 6a + By™)"

=a" = p*6,—py" —ba) = (y", =6)(a", —p)
=y¢”

The norm of a hyper complex number 8 is defined by

16l = 676 .
Lemma5. ¢l = @l 1l
Proof .

¢l = (P (9Y) = W ") (pyY) = Y™ (9" PP
=Yl = llollrp ™ = llgli Pl
Lemma6 . ||(a, Al = llall-+IBllr
Proof .
(e, Dl = (@, B)*(a, B) = (a*, —=B)(a, B)
= (a’a+ BB, fa” — pa’)
=(a’a+B°B,0) = llallr + 11Bllr
Octonions O

0 =1{(q1,92): 91,9, € H}, and [|(q1,9)llo = llq1llm +
llqz1lm

Theorem 7. © is a non-commutative , a non-associative
and alternative division algebra over R of dimension 8 .

Proof .

Let (i), (k,i) e O

G DKk, D)=k +ij,-1—jk)=(—j+k—-1-10)
(kD)) =(®ki+ji,jk+1D)=G—ki+1)
Then O is a non-commutative .

Let (i, /), (k,i0),(j,k) € O

(@GN’ D)GK) = (= +k,=1=D(,k) = (1 —i—
k+j,i—1+j+k)

(kDG R) =@N(=i+j,-1-k) =1 +k+
j+i,—i—j—k+1)

Then © is non-associative .

Let¢ =(q1,92), ¥ =(q3,q.) € O
(W)Y = ((91,92)(43,94)) (q3,q4) =
(9193 — 4292, 9491 + 9293) (43, 44)

((9192)03 — (4302)q5 — 9:(q2q1) —
41(9293), 94(q1q3) — 94(9292) + (9291)q3 + (q293)q3)

(01(q393) — (9294)91 — 94(q293) —
94(9293), (4491)q3 + (94993 — (9292)92 + 92(q393))

(01(q393) — 91(q294) — (9292)q5 —
(929293, 9491 (45 + 93) — 92(q492) + 42(9393)

= (q1(9393 — 9294) — 9292(q5 + q3),929:(q5 + q3) +
9209393 — 4494))

= (9109393 — 9294) — (95 + 43)9292,94(q5 + q3)q; +
9209393 — 4494))

= (q1(q393 — 9294) — (9493 + 44q3)"q2, (9495 +
9493)91 + 42(q393 — 9294)") = (41, 92)(q393 —
4194, 9493 + 44q3) = (YY)

(@)Y = ((91,92)(491,92))(q3, 40) = (101 —
9592, 9291 + 9291)(q3, q4)

((q191)93 — (4292)q3 — 92(q2q1) —
9:(9291), 94(q191) — 94(q392) + (4291093 + (4291)93)

= (919195 — 9292(q1 + ¢1) — (4292)93, 44(q191) +
q2(q1 + 91)95 — 44(q292))

= (919195 — (g1 + 41)9292 — (4292)93,(q4q1)q1 +
7295(q1 + q1) — 94(9293))

(91(q193) — q1(q292) + 91(q2q2) —
93(9292), (94911 + (q293) 01 + 92(9391) — 92(9294))

= (9109195 — 9292) — (9491 + 9293)"q2, (qaq1 +
4293)q1 + 92(q193 — 9292)")

= (91, 92) (0193 — 9492, 9491 + 9293)
= (q1, %)((‘h' q2)(qs, ‘h)) = (oY)

Then © is alternative algebra .

Let (q1,9,) #0in. @

Then (g,,q,)~! = 9u92" _ _ (@1.242)
(@1.42) laralo  Naulu+lazlm

Thus O is division algebra over R .
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3. LINEAR REPRESENTATIONS to: © = (uw (1), pu (q2) )
Let ug: H — M,(R) be the algebra monomorphism of Let kp : 0 — M,(R) & M,(R) be give by
the matrix representation of H. ) 11(q0) 0
¢« -b —c —d o @) =" )
Then py(a + bi +¢j + dk) = té _3 ‘i _4 Theorem 10 . 4y is an algebra monomorphism
d ¢ -b a Proof .
Define  pg: 0 — M,(R) @ M,(R) be given by Letd = (q1,q,), ¥ = (g5.q,) €O and a € R
Ho (91, 92) =(un(q1), 1 (q2))-
;'rjcc)):.em 8. ug is an algebra monomorphism. o (ad) = 1o (aqy,aqy) = [Mm(g%) Mm(ng)]

Let (q1,92), (93,9,) EO anda €R .

to (alqy,q2)) = nolaqy, aqy) = (uu(aqy), u(aqy))

= (a pu (q1) , a py (g2)) since py
monomorphism

=a (uy (q1) , tu (42)) = a uo ((41,92)) -
to ((a1,92) + (3,44)) = ko (@1 + 43, G2 + q4)
=(up (1 + q3), tm (g2 + q4))

=(un (q1) + pu (@3), tu (92) + pw (g4)) since py
monomorphism

=(um (@) vm (q2) ) +( 1w (q3), 1w (q4)) = Uo
(91, 92)+ ko (q3,94)

to ((41,42)(a3,44)) = ko (4143 — 4iG2 4aG1 + 42G3)
= (pm (193 — 9292), Hu (9291 + 4293))

=(up (q1) un (q3) — pu (q2) tu (92), tn (qs) Hp
(q1) + un (q2) um (q3))

since py monomorphism and uy (q7) =(uu (94))*,
tu (q3) = (u(gs))”
= (iw (1), i (42)) (i (q3), i (qa))
= o (91, 42) Lo (q3,94)
Therefore g is homomorphism .
Suppose that pg (g4, g2) = (0,0).
Then (uy (q1), 1w (g92)) = (0,0) and

tw (q1) =0, py (g2) =0.Theng, =0, g, =0 since
Uy monomorphism

Therefore pg is an algebra monomorphism.

Corollary 9. uo (@) is asubalgebra of M,(R) @ M,(R)
of dimension 8 with basis

(1,0), (,0), (j, 0), (k, 0), (0,1), (0,1), (0,)), (0, k) .
Let ¢ €0 .Then¢p =(q1,92); 91,92 EH.

_ [aﬂ]}ﬂ (q1)

0 _ [#u(q0)
0 aMH(QZ)] B a[ 0
(¢) .

0 ] ,
=a
U (qz2) Ho

Uo (P +9) = o (q1 + 43,92 + q4) =

[uw(ql +q3) 0 ]
0 (g2 + qa)
_ [MH—H(‘h) + up(qs) 0
0 pn(q2) + pu(qs)
_ [#u(q) 0 un(q3) 0
B [ 0 um(qz)] + [ 0 u[m(cu)]

=Hto () + o (W) -

Uo (V) = o ((Q1:Q2)(Q3'CI4)) = Uo (4193 —
4492, 9491 + 4293)

_ [Hl}n(‘h% = 4492) 0 ] -
0 (9491 — 9293)

() un(gs) — (g um(gz) 0

0 un(qa)un(qr) + um(q2)um(q3)

= (um (q1) 1w (@2))( um (@3), 1w (q4)) = Ho (P)
Ho (@) .

Then ug is homomorphism.

Suppose that 1o (¢) = Ko (q1,92) =0
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Then un(q1)

0 0 0
0 MH(CIZ)] - [0 0

And py (q1) =0, puy (q2) =0 . Therefore g,
0, q2 = O

Then pg' is an algebra monomorphism.

Our main result is therefore given as follows.

Corollary 11. The matrix representation of Octonions is
given by

0
b (q2)

Un(q1)

0 , a diagonal block

(q1,q2) —
matrix.
4, CONCLUSIONS

The real Octonions have been represented linearly by
order pairs of two real 4x4 matrices.

Our method maybe extended to represent the real
sedenions by order pairs of two real 8x8 matrices .
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