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F(s, 0, X())dY(s, w) (2.1)
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Abstract

This paper studied existence and uniqueness of a solution for a semimartingale stochastic integral equation

X(t,w)=H( w)+ J F(s, oo,X(oo))dY(s, w) (2.1),
(0,t]
by using Existence and Uniqueness Theorem on the martingale process. Using the concept of convergence Cauchy sequence
{X,,} to a cadlag process X, where X € L,, we can find a convergence Cauchy sequence {X,, - M} to a cadlag process Y on
the space M, of martingales, where M is a square-integrable cadlag martingale on a probability space (%2, F, P), as
Y=1limX, - M=X-M=I(X).

n—-oo

And some important assumptions are

i. F is a map from the space R, X 2 X Dga[0, ©) into the space R?*™ of d x m-matrices. F satisfies a spatial Lipschitz

condition uniformly in the other variables: for each 0 < T < oo there exists a finite constant L(T) such that this holds for

(t,w) €[0,T] x 2 and all n,& € Dgpa[0,0): |F(t,w,n) — F(t,w,&)| < L(T)- sup In(s) —&(s)|. ii. Given any
s€(0,t]

adapted R%-valued cadlag process X on 2, the function (t, w) — F(t, w,X(u))) is a predictable process, and there exist
stopping times v, — oo such that 1, ,,,) (©)F (¢, X) is bounded for each k.
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1. INTRODUCTION

Integral equations form one of the most useful tools in many
branches of pure analysis, such as functional analysis and
stochastic calculus see 12341, Stochastic integral equations are
extremely important in the study of many physical phenomena in
life sciences and engineering 871, There are currently two basic
versions of stochastic integral equations being studied by
probabilists and mathematical statisticians, namely, those
integral equations involving Ito integral and those which can be
formed as probabilistic analogues of classical deterministic
integral equations whose formulation involves the usual
Lipschitz conditions of the variables.

Several papers have appeared on the problem of the existence of
solutions of stochastic integral equations and are discussed in
(891011121 |n this paper, we will prove an existence and
uniqueness for the semimartingale stochastic integral equation by
the Existence and Uniqueness theorem.

2. PRELIMINARIES

Let (2, F,P) be a probability space with a filtration {F.}. We
consider

X(t,w) = H(t,w) +

f(O,t] F(S: w, X((D))dY(S, W) (2.1)

Where Y is a given R™-valued cadlag semimartingale, H is a
given R%-valued adapted cadlag process, and X is the unknown
R%-valued process. The coefficient F is a d x m-matrix valued
function of its arguments. For the coefficient F, we make these
assumptions.

i.Fis a map from the space R, X 2 X Dpa[0, o) into the
space R¥™ of d x m-matrices. F satisfies a spatial
Lipschitz condition uniformly in the other variables: for each
0 < T < oo there exists a finite constant L(T) such that this
holds for (t,w) € [0,T]x 2 and all 7,¢ € Dga[0,0):
|F(t, 0,m) = F(t, 0,9 < L(T) - Sgtlopt]ln(s) IOl

ii. Given any adapted R%-valued cadlag process X on (2, the
function (t, w) - F(t, w, X (w)) is a predictable process, and
there exist stopping times v;, — oo such that 1,y (£)F (¢, X)
is bounded for each integer k.

Definition 2.1.181If X is the unknown R%-valued process on a
probability space (12, F, P) which is finite with probability one,
w.p.1, then its distribution function is F(t) = P(w: X(w) < t).
This gives us the convenient expressions f(w:X(w) € h) =

J,, dF(¢), for any Borel set h of F.

Definition 2.2.11 A cadlag process Y is a semimartingale if it can
be written as Y, =Y, + M, + V; where M is a cadlag local
martingale, V is a cadlag FV process, and M, =V, = 0.

Lemma 2.3.141 Assume F satisfies assumptions (i),(ii). Suppose
there exists a path & € Dpa[0,0) such that for all T < o,

c(M)= sup |F(t,w,&)| < oo. Then for any adapted R%-
te(0,T]wen
valued cadlag process, X there exists stopping times v, — oo

such that 1 ,,)(t)F (t, X) is bounded for each integer k.

Definition 2.4.1 For predictable processes X, we define L, norm
over the set [0, T X 2 under the measure uM by

1/2
= 11Xl 7 ( f IXIZdMM)
[0,T]x0

1
(E f[O,T]x.QlX(t' 03)|2d[1V1]t(m)) /2

Let £, = £,(M, P) denote the collection of predictable processes
X such that [|X||ur < oo for all T < oco. A metric on £, is
defined by d,(X,Y)=X-Y|,, where |X|., =
Y1 27 QAANX Nl upsr)- £ is notan Ly, space, but instead a local
L, space of sorts.

Theorem 2.5. "Existence and uniqueness" 4 Let X € £,.
There exists a sequence X, € S,, where S, is the space of
predictable simple processes, such that [|X — Xy, — 0. From
the triangle inequality, it then follows that {X,,} is a Cauchy
sequence in L,, given € > 0, choose 1, S0 that [|X — X, ||, <
€/, for n2mng. Then if mn 2ng, 1Xm —Xullz, < I1Xm —
Xllz, + 11X — Xpll;, < e For the stochastic integral X, -M,
where M is a square-integrable cadlag martingale on a probability
space (2, F,P), the additivity of the integral, [|X,, M — X, -
M”]Vl‘z S N K — Xn) - M”]V[Z = || X _Xn”Lz- Consequently,
{X,, - M} is a Cauchy sequence in the space M, of martingales.
Then there exists a limit process Y = r},glc;lo X, - M. This process is

called I1(X) = X - M. Let Z, be another sequence in S, that
converges to X in £,. Then Z,,-M - Y, in M, same as X - M.
The uniqueness of the stochastic integral hold is in a sense
stronger than indistinguish ability. If W is a process that is
indistinguishable from X - M, which means that P{w: W;(w) =
X -M)(w) forallt e R,} =1, then W also has to be
regarded as the stochastic integral. This is built into the definition
of I(X) as the limit: if || X-M —X,-Mllp, »0 and W is
indistinguishable from X - M, then also ||W — Xy, - M||5¢, — 0.

Corollary 2.6.0 Let 0 < T < oo. Assume {F,} is right continues,
Y is a cadlag semimartingale and H is an adapted process, all
defined for 0 <t <T. Let F satisfy assumption (i),(ii) for
(t,w) €[0,T] x 0. In particular, part (ii) take this form: if X is
a predictable process defined on [0,T] x £2, then so is F(t, X),
and there is a non-decreasing sequence of stopping times {v;}
such that 1(,)(t)F(t,X) is is bounded for each integer k, and
for almost every w, v, =T for all large enough k. Then there
exists a unique solution Xto equation (2.1).

3. MAIN RESULTS

Theorem 3.1. Assume {F,} is complete and right-continuous. H
is an adapted Rd-valued cadlag process and Y is an R™-
valued cadlag semimartingale. Assume F satisfies assumptions
(i),(i1). Then there exists a unique cadlag process

{X(t,w):0 <t < o} adapted to {F,} that satisfies equation
(2.2).

Proof: For k € N c [0, ), the function 1go<<()F (¢, w,7)
satisfies the original hypotheses. There exists a process X, that
satisfies the equation

Xk(t, O.))

= H*(t,w) +f ]l[ork](s)F(s, o, Xg(w))dY*(s,w)  (3.1)
(ot
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We have H*(t,w) = H(kAt, w) for a stopped process. Let k <
m. Stopping the equation

Xm(t, ) = H™(t, )
+ f 1r0,m] (s)F(s, , Xm(oo))de(s, )
(o.t]
At time k gives the equation
Xk (t, w)
= H*(t, w) + J.

(0,tAK]

Liom] (S)F (5, 0, X (0))dY™ (s, w)

Valid for t. By proposition stopping a stochastic integral can be
achieved by stopping the integrator or by cutting off the
integrator with an indicator function. If we do both, we get the
equation

Xt w) = H*(t, ) +
Jo.q ios1 ($IF (s, o, X,’;l(w)) AY* (s, w)

Thus X, and X% satisfy the same equation, so by the Existence
and Uniqueness Theorem, X* = XX for k < m. Thus we can
unambiguously define a process X by setting X = X,on [0, k].
then for 0 < t < k we can substitute X for X;, in equation (3.1)
and get the equation

X(t,w) = H*(t, w) +f
(0,kAt]
<k.

F(s,w,X(w))dY(s,0),0 < t

Since this holds for all k, X is a solution to the original equation
(2.2).

Uniqueness similarly, if X and X solutions of equation (2.1)
then X(kAt) and X (kAt) solve equation (2.1). By the
uniqueness theorem X (kAt) = X (kAt) for all t, and since k can
be taken arbitrary, X = X.

4. CONCLUSION

The paper concluded that the solution of a semimartingale
stochastic equation has been found by using Existence and
Uniqueness Theorem on a martingale, by using some important
assumptions on a probability space (€2, F, P).
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