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ABSTRACT

This study investigates new optical and chirped optical solitons for the space-time fractional cubic nonlinear
Schrédinger equation using the Sardar sub-equation technique in the presence of Kerr law nonlinearity. The solutions are
expressed in terms of hyperbolic and trigonometric functions, revealing a diverse range of behaviors within the system. The
identified optical and chirped optical soliton types include dark, bright, kink, and periodic, showcasing a rich spectrum of
phenomena. Representing soliton solutions using 2D and 3D graphs with varying parameters leads to a better
understanding of their formation and characteristics. The findings contribute to the comprehension of nonlinear dynamics,
offering insights into phenomena relevant to nonlinear optics, quantum mechanics, and condensed matter physics.

KEYWORDS: Cubic nonlinear Schrédinger equation, Kerr law nonlinearity, beta derivative, optical solitons, Sardar sub,

equation technique.

1. INTRODUCTION

Nonlinear models have been used to explain a variety
of real-world occurrences, revealing significant
information in the process. Advanced classes of
differential equations that produce better outcomes are
represented by fractional nonlinear evolution equations.
Due to their important uses, these equations aid in the
illustration of complex physical events and draw a large
number of researchers to work in this subject. The
nonlinear Schrddinger equation is an essential component
of fractional nonlinear evolution equations and is applied
in quantum mechanics, biology, optical fiber, plasma
physics, fluid mechanics, electricity, shallow water wave
phenomena, heat flow, finance, and fractal dynamics.

The intricate interplay between the nonlinear and
dispersive components of solitons within a medium has
revealed that their wave-like structure remains preserved
during propagation. The soliton solutions originating
from Fractional Nonlinear Evolution Equations
(FNLEEsS) offer a wide array of practical and commercial
advantages across numerous industries. In the realm of
fiber optic technology [, these soliton solutions
contribute to enhancing data transmission speeds and
reliability, crucial for meeting the growing demands of
high-speed communication networks.

*Correspondence: Abdulmalik A. Altwaty
abdulmalik.altwaty@uob.edu.ly

Within the telecommunications sector ™, FNLEE
solitons play a pivotal role in ensuring seamless
connectivity and efficient signal transmission. In signal
processing applications Bl these solutions aid in the
precise analysis and manipulation of data signals,
facilitating advancements in fields such as digital
communications and information processing. Moreover,
in image processing ¢, FNLEE solitons are utilized for
advanced image enhancement techniques, enabling
clearer and more detailed visual representation. System
identification benefits from the application of soliton
solutions by providing accurate modeling tools for
complex systems, aiding in predictive analysis and
control. Water treatment processes leverage FNLEE
solitons for optimized purification methods, enhancing
the efficiency of wastewater treatment and desalination
processes. In the realm of plasma physics, these solutions
assist in understanding and controlling plasma behavior,
essential for various applications ranging from fusion
research to materials processing. Medical device
sterilization procedures benefit from the use of soliton
solutions, ensuring effective and reliable sterilization
processes in healthcare settings. Furthermore, in the field
of chemistry, FNLEE solitons offer valuable insights into
intricate chemical reactions and phenomena, aiding in the
development of novel materials and pharmaceuticals.
These diverse applications underscore the versatility and
impact of soliton solutions derived from FNLEES in
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addressing challenges and driving innovation across a
broad spectrum of industries and disciplines.

Various dynamic approaches have been introduced
and implemented in the literature to solve nonlinear
fractional differential equations (NFDES) and obtain
analytical traveling wave solutions, for example, the
fractional differential transform method '], the fractional
modified Kudryashov method [l the generalized
differential transform method [, the fractional finite
difference method [ the fractional finite element
method 3191 the fractional boundary element method 16
181 the fractional radial basis function method %2, the
fractional homotopy analysis method 2223, the fractional
homotopy perturbation transform method 24231,

In this paper, we will utilize for the first time the
fractional cubic NLFSE with Kerr law nonlinearity by
using Sardar sub-equation technique. The fractional cubic
NLFSE with the Kerr law nonlinearity is stated as 126 271,

iDfu + a; DED%u + ayD2%u + ag|u|?u = 0. (1)

The wave profile with complex values is represented
by u(x,t). Here a_1, a 2, a_3 are real coefficients, and
(0<0<1). The cubic fractional nonlinear Schrodinger
equation, which includes beta derivatives in both space
and time, is utilized to represent various nonlinear optical
phenomena. For instance, it can be applied to model the
behavior of solitons in optical fibers, showcasing their
unique propagation characteristics and stability in the
presence of nonlinear effects.

The structure of this article is outlined as follows:
Section 2 discusses the characteristics of the beta
derivative. The methodology of the proposed approach is
detailed in Section 3. A mathematical analysis is
presented in Section 4. The article is concluded in Section
5.

2. DEFINITION OF BETA DERIVATIVE
AND ITS PROPERTIES

In recent years, researchers have introduced various
definitions of fractional derivatives, including the
Riemann-Liouville, modified Riemann-Liouville, Caputo,
Caputo-Fabrizio, conformable fractional derivative, and
Atangana-Baleanu  derivatives.  These  fractional
derivatives often deviate from the familiar properties of
classical calculus, such as the chain rule, the Leibniz rule,
and the derivative of a constant being zero. To address
this, Atangana and colleagues proposed a novel and
significant definition known as the beta derivative. This
beta derivative adheres to the fundamental properties of
classical calculus, marking a crucial advancement in the
field of fractional calculus.

Definition 1: Given a€R and a function h=h(x)
defined on the interval [o,00)—R, the beta derivative of

order a with respect to x is formally defined as follows
[28]

Ll—a _
D (h(x)) = Lim,_q xrelririg) ) he

&

)

wherel is the gamma function and D_x"o h(x)=d/dx
h(x) for o=1.Given that h(x)and g(x) are o -order
differentiable for x>0, and a and b are real constants, the
beta derivative exhibits the following properties:
1. D¥(ah(x)+bg(x))=aDfh(x)+
b Dfg(x).
2. DZ(k) = 0, wherek is a constant.

3. D¥(h(x) g(x)) = h(x)Dxg(x) +

g()DER().
a (RX)Y _ 9()DF (h(x))-h(x)Dx (9(x))
4. Dy (g(x)) agz(x) '
_ DE(h
5-D¢(h™1 (x)) = —ETED.

1 \1"%dn(x
5. 6-Dgh(X) = (X + m) %
Utilizing these properties of the beta derivative,
fractional differential equations can be effectively
reduced to ordinary differential equations. Notably, the
beta derivative has demonstrated a comprehensive
fulfillment of properties equivalent to those observed
with integer-order derivatives without encountering any
discernible limitations thus far.

3. ALGORITHM OF THE SARDAR SUB-
EQUATION TECHNIQUE

In this section, we introduced the Sardar sub-equation
technique as a powerful tool. This method empowers us
to derive new and extensive analytical solutions for the
model (1). By leveraging this technique, we can convert
fractional partial differential equations into ordinary
differential equations, streamlining the computational
procedure. The algorithm outlining this process is
detailed below:

Step 1: Let

H(u, uy, up, D&u, D¥u, D3, D28u, D*%u,...) =0, (3)

Where F is a polynomial of u(x,t), and D is a
fractional derivative of a-order. Consider the wave
transformation u = @(&)el@®)-06) whereé =
1 1\% v 1 \% .
;(x+%) —;(t+%) and v,w are respectively
velocity and wave number. According to the definition
provided in reference 2%, we have:

ECIORT

ow = P

=0
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Using the considerable transformation, Eq. (3)
reduced to the following ordinary differential equation:

H(u,u',u",u", ... ,) = 4)
Step 2: the exact solution of Eq. (4) given as
u(§) = Xilo biM'(§); b, # 0, (5)

Where b;(0 < | < N) are constant coefficients
to be evaluated later and M (&) satisfies the
following ordinary differential equation,

M'(§) = Ju+yM()? + M), (6)

Where p and yare real constants. The general
solutions of Equation (6) are given as.

(1) If y>0 and u=0 then
M{(§) = £/=pqy sech,q (v £)
M3 (&) = £/pqy cschy(Jy §)

y <0 and u=20 then
M3 () = +./—pqy sec,q(/=v ©)

ME(€) = £/=pqy cscpq (=7 &)

2

U= YT then

@) If

3) If y <0 and
ME© = £ [Zeanky, ([ ).
ME© = [Zeothyy ([Z €).
M3 ) = £ [ (camyg (V=27 §) £ /P4 sechyg (27 )
M3 ) = £ [ (cothyg (V=27 ©) £ e5chyg (/=27 ©))

i 3t [ om0

4) If y>0 and

Mlio(f) = i\/gtanpq< g ‘f)
Mlil(f) = i\/ga)tpq (\/g f)

Mi(€) = i\g (tanyq(y2v§) £ \/pq secyq(V2r%))-
M) = i\/g (Cotpq(\/ﬁf) + \/ﬁcscm(\/ﬁf))

M;—;(E) = i\/g (tanpq (\/gf) + coty, <\/§€>)

Where
__.pe¥—ge® _ .peltqe
tanpq(f) - _lpeis-%qe_if,COtpq(f) = lm
n _ pet-qe”? b _
tan pq(f) T peé+qe—§ J cot pq(f) -
pes+qe=¢
pe-qe~¢
2
sepa() = oirgete ' cscpq(§) =
2i
peif—qe—if
2
sechpq(§) = petrqe=t , cschyg(§) =
2
pef—qe~¢

Step 3: The integer N calculated by balancing the
capitals. Substituting Eq. (5) into Eq. (4) we obtain a
system of algebraic equations in terms of M!(&)where
(1=012,..,N).

Step 4: Solving these algebraic equations, we
determine the values of the unknown parameters.

4. Mathematical Analysis

In this section, we delved into the study of the space-
time fractional cubic Nonlinear Fractional Schrédinger
Equations (NLFSEs) with the aim of obtaining broader
and more conventional exact wave solutions. To achieve
this, we applied the Sardar sub-equation technique, a
method that simplifies the solution process for fractional
partial differential equations by transforming them into
ordinary differential equations.

Furthermore, we conducted a comprehensive
mathematical analysis of these wave solutions to gain a
deeper understanding of their behavior and properties. By
utilizing a fractional transformation, we converted the
original Equation (1) into an ordinary differential
equation that accounts for both the real and imaginary
components of the solution. This transformation
facilitated the derivation of analytical solutions that
provide insights into the dynamics and characteristics of
the system under study.

W+ a;, )@ + 09 + (a,v — a,)p(@")? + (a, — a,v =)¢" + az9>0,

(7
w—a,0)p"+2(a, —a;v)p' @' + (a; — av)pp" =
0.

©)
Integrating Eq.(8) yields
;) _ a16-v -2
@ = P +Cop°. 9)
Concurrently, the chirp is shown by
_ _[aib-v —2
sw = —[222+c o7 (10)
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bo=bo bi=by n=p y=y, v=2E
Substituting into the real part we get 0 =Do 01 =0y, U=H V=Y, V= 202 + a,C '
App* + A10% + A, + A303¢" + az9° = 0. (11)
2_ a a,C — azbs a, (a, a,C—ash
Where A=V 4 g 4 =200,y = O=—— 42 20 4 | 22230
4(az—a1v) ) ) : ai 4a,bs + 2a;C ap\a; 2by +a,C
C?*(a,v — ay),As = (a, — a;v), andC is the integration
3 6 2
constant. Where w is real if and only if ¢ > —2i820*2d2b0
ajaz—ajay

Now balancing betweeng3¢’’and ¢°the highest order
derivatives and highest power of the nonlinear term in
Eg. (11), we obtain N = 1. Therefore, the solution of Eq.
(11) is of the form

@(§) = by + by M(S). (12)

Upon substituting Eq. (11) together with Eq. (6), we
derive a polynomial expression in M!(£). Setting this
polynomial to zero, representing the coefficient power of
M'(&), we formulate a system of algebraic equations that
incorporate the variables by, by, 1, and y. Solving this
system of algebraic equations using Matlab provides the
parameter values as follows:

3-D Bright soliton Eq (13) &5

07 ‘!‘;

0.6

lu, i

2-D Bright soliton Eq (13)

Substituting into (12) and the hypothesis of the auxiliary
equation for different conditions, we establish the
travelling wave solutions of (1) which are given as:

Case 1: Wheny > 0and u = 0, then the solutions are
as follows:

U = {bo +

— S C-azb§
i<o(§)_<_ Z§+ ﬂzcza3bg t2 Lz(ag azz ; °>> t)
1 4aibg+2aiC ai\ay 2bg+a;C
bi\[=pay sechy,(Vr§)le

13)

3D Chirping Profile

[

Figure 1: 3D, 2D and 3D chirped Bright soliton solutions of Equation (13) fora; = 0.15,a, = 0.5,
az =2,by=0.25,y=0.5 b; =1,C =0.5,anda = 1, with x € [-4,4] and x € [0, 2].

aLw—=v
6w1=—[m+C(bgi

bi=pay sechy (V7)) |
(14)
u, = {bo +

az azc—a3b8 "

i<m(§)_<_ a2 aa1b3+2a3C
by /=Py cschy,(V¥E)le
(15)

ayfa, azC-azb§
2 =5 = > t
a\a3 zbZ+asC
,

Sw, = —[%+C(boi
biy=pay cschy,(Vr9) .

(16)

Case 2: When y < 0and u = 0, we obtain
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uz = {bo = A
a: aC-azb§ ayfap azC-azb§
(so-{zppettee 528
bi\[=pay sec,y(V=¥é)}e P T,
3-0 Dark soliton Eq (17) Soed 2-D Dark soliton Eq (17) 3D Chirping Profile
~anos|,
0.0675 ::g:,
0.067 : / 555
0.067 /
0.0885 | 56|
0.0685
585
0.066 |
“f 0.0656 ;— 57
; 0.0655 ==
0.065
00645

Figure 2: 3D, 2D and 3D chirped Dark soliton solutions of Equation (17) for a; = 0.15,a, = 0.05,

az = 0.2,by = 0.25,y = —0.05, b; = 0.02,C = 5,anda = 1, with x € [—4,4] and x € [0, 2].
=1,withx € [-4,4] and x € [0, 2].

@OV 4 ¢ (py +
a—-aqv
-2
biJ=pa¥ cscoq(V¥E) |
(20)
Sws = — [lef:; +C (b +
bi=pay sec,q V1)) |

Swy

r

Case 3: Wheny < O0and u = T e obtain
(18)
Uy, = {b0 +

Ug = {bo +
i(m@)—(ié' e ﬂ(
bi\[=pqy csc,q(W=YE)}e '
(19)

il 0e)— az, azC—a3b3 12 |%2(22 azc—agbg ¢
P —y -y aZ aagb3+2a?c " Jar
az azC-azbg b t h _r
+ 2 oalor 3 Z ¢ 1 anfpq e
4a1bi+2a7C ai\aj 2bg+aiC 2 2
' 1)

a3 2b3+a;C

y
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3-0 Kink soliton Eq (21) 2-D Kink soliton Eq (21) 3-D Chirping Profile

Jug bty
P>
&

Figure 3: 3D, 2D and 3D chirped Kink soliton solutions of Equation (21) for a; = 0.15,a, = 0.05,
az =0.2,by =0.25,y = -2, b; =0.02,C = 5,anda = 1, withx € [-4,4] and x € [0, 2].
g = {bo +b, E(Cothm(w/—Z}/f) +

6
ap, azC-agbg 42 az(az azc—agbg ¢
2 aj\a 2b3+aiC
’

’

Sws = — az-aiv
o i<m(§)_<u1 "4a1b3+2a2¢
2 \/p_qcschpq(J—ny))}e
by \[’;” tanh,, ( \[‘;” f)) , (22) @7
Swg = — % +C (bo + bl\/%(coth,,q(,/—z}/f) +

Ug = {bo +

ay , azC-azb§ ap(a; azC-azb§ -2

3 a1(a§ 2b%+a,C )) t) \/ECSChpq (,/—2]/{))) \, (28)

— — L o(a_<alf4a1 (27+2a% -
bl\[gcothpq(\[gfﬂe'( b c
(23)

~ ugz{boiblﬁ<tanhpq (\/%E>+

az, aZC—agbg 42 ﬂ(az azc—a3b8) ¢
2 ay a% 2b%+a1€

_ = i<0($)_<a1 Fraipireaict
bl\[_;/ coth,, (\/—77 5)) ? ’ (24) ::;?Pq (\/Z E))}e
Swg = — &_’;+ c <b0 ib1ﬁ<tanhpq (\/%f) +

u, = {bo + by 'TV(tanh,,q =2y +
a,-a
ap,_apC-agbf +2 “_2(“2 aﬂ*ds"ﬁ)) [> .
2 4a b3+2ac  |ai\a  2b3+aic
«(25) 2
coth T¢ (30)
pq 8 :

2
Case 4: Wheny > O0and u = VT we obtain

i 0(6)*(
i\/ﬁsechpq(‘/—ny))}e (
6w7=_ w"’c (boi
a—aqv

6
ap , azC-agbg 2(
ap

(26) N \/%tanpq ( \/%)}ei(o(s)—(a

@31

2
ai 2bg+a C

bl\/_;y (tanhy,, (y/=2¥§) + i\/pgsechy, ( _ZVSC))> ’ Uyo = {bo +
ay aZC—a3bg)> t)

}
2" 4a;b%+2a3¢c
,
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6(011 = - %'FC (boi
_ _|aqw-v
6(1)10 - az—ayv + C (bo i 2
—2 bl\/gcotpq (\/gf)) , (34)
bl\/gtanpq (\/gf)) , (32)

Upp = {bo + bl\/g (tanpq(,/ny) +
U1 = {bo +

6
az, _azC-azbg

. _[az, azc—a3bg az(az azc—a3bg
l<®(§) <a§'4a1bg+2a§ci2 a1(a§ Zbg+a1C)> t)
6
i{ 0&)- b2 (242200 | ¢ VP4 secpq(y 2)/5))}6 ,
y y a? " saibg+2a2¢™ " ai\ad 2bZ+aiC
by |=cot =&|te
12 pq 2

, (35)
(33)

3-D Periodic soliton Eq (35) 2-D Periodic soliton Eq (35)

3.0 Chirping Profile

Figure 4: 3D, 2D and 3D chirped Periodic soliton solutions of Equation (35) for a; = 0.15,a, = 1.5,

az; =0.12,by = 0.25,y = 0.12, by = 0.5,C = —1.5,anda = 1, with x € [—4,4] and x € [0, 2].

agw—-v
6(1)13 = — 1
ajw-v
60)12 = — L +C

az—-av +C (bo t bl\/g (COtpq(\/ﬁf) +
az-asv (bo + b1\/g (tanpq(\/ﬂf) + .
-2 \/ﬁcscpq(\/ﬁf))> )
Vpa secpq(ﬁa)> :

Y Y
Uy = {bo + le;<tanpq (\/;f) +
. az azC-azbf 1o |a2(a2 ayC-azb§
(\/?{))} L<®(§)_<a%T4a1h§+za§CL2 a1(a§ zb§+a1:)> t)
cot = e
pq 8 ’

. az, aC—abeL azfa ayC-azb§
JPa es¢g (J276) l<m(§)‘<a§*4a?bﬁ+3a§cﬁ e )> t) 9
rq CSCpq V4 }e )

@37

(38)
(36)

U3 = {bo + b1\/g (cotpq (‘/2_]/5) t
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60)14_ = —

COotpq (\E f))

The soliton solutions obtained in this study are
diverse and novel, originating from the general solutions.

4. CONCLUSION

This article discusses the use of the Sardar sub-
equation approach to produce novel optical and chirped
optical solitons from the space-time fractional cubic
nonlinear  Schrodinger equation with Kerr law
nonlinearity. The solutions show a wide range of
behaviors within the system and are stated in terms of
trigonometric and hyperbolic functions. A wide range of
phenomena are displayed by the several varieties of
optical and chirped optical solitons that have been found,
including dark, bright, kink, and periodic. These solutions
are shown in two and three-dimensional graphics. The
results provide a thorough understanding of nonlinear
dynamics and shed some light on phenomena related to
condensed matter physics, quantum mechanics, and
nonlinear optics.
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