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ABSTRACT 

The use of queuing theory in practice involves two major aspects: 

1. Selection of the appropriate mathematical model that will represent 

the real system adequately with the objective of determining the 

systems measures of performance.  

2. Implementation of a decision model based on the systems measures 

of performance for the purpose of designing the service facility. 

This work is merely a simulation study using a celebrated simulation 

programs in operations research namely TORA, LINGO, LINDO, 

Process Model plus EXCEL. 

 In this study we invstigated the optimal service rate in the queueing 

system (M/M/1) : (GD/  / ) , plus finding the optimal service rate for a 

given arrival rate , several service rates are tried to obtain the 

performance measurements which are important in determining the 

minimal cost by using the cost function  

                    LCC swS
TC  )(  . 

Promising results are obtained which are consistent with all the 

theoretical results available in the literature concerning the steady state 

behavior of a queueing system. 
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Introduction 

Waiting lines, or queues, are a common occurrence in our everyday lives. 

All of us have waited in line to purchase a ticket at a sporting event or 

waited to pay for groceries at a supermarket. Waiting lines are also 

common in a variety of operations management situations. Waiting lines 

form whenever the arrivals, or demand, for service from a facility 

exceeds the capacity of that facility. Queues can be deterministic; that is, 

arrival intervals and service times are constant. If the arrivals and service 

times are not constant, as is often the case in production systems, the 

queue is a realization of a stochastic process. Deterministic queues are 

easy to handle mathematically, the more difficult cases of stochastic 

processes. Most queuing results are based on a family of distributions 

containing the negative exponential for service rates and the Poisson for 

arrival rates because these distributions have the useful property of a 

single parameter and are often associated with random events  

Queuing models with Poisson input—exponential service   

The  state probabilities are found by formulating and solving balance 

equations that equate the rate at which transitions occur into a state (or 

group of states) to the rate at which transitions occur out of the state (or 

group of states). This method relies on the memory  less property of the 

exponential distribution and does not apply to systems that do not have 

exponential service times and Poisson arrivals  
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A more general model have exponential service times and Poisson 

arrivals, but allow   and      to be different for each state. 

Infinite queue-infinite source, single-server model (M/M/ 1):                        

(GD/ /  ) 

Assume 

(a) The average arrival rate is constant;   n =   for all n. 

(b) The average service rate is constant; µ n = µ for all n 

(c) The average arrival rate is less than the average service rate;    . 

(d)  The transition rates can be summarized in a diagram, as in Fig. (taken 

from Hillier and Lieberman [1974]). This leads to the following set of 

balance equations: 

Balance Equations for (M/M/1):(GD/ /  ) Queue 

Line 

                               

                               

                               

   

                                                                                                               (1)      

       The general relationship between state probabilities should be apparent: 

   
 

 
                                (2) 
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Furthermore, it should also be apparent that all of the state probabilities 

can be expressed in terms of a single state probability: 

                                   (3) 

 

 

Figure 1 Transition rate diagram for the ( M/M/1):(GD/ /  )   queue. 

   

All that is needed to complete the calculations for     is to determine                   

this is easily accomplished by noting one additional characteristic of        

To be a proper probability distribution, the sum of the state probabilities 

must equal 1. That is  

 ∑   
 
                                                                                                                  (4)      

 

Therefore, substitution of Eq. (3) into Eq. (4) gives 

        ∑        
                                                                                                     (5)  

Equation (5) is the sum of a geometric series, then we can write Eq.(5) as 

     

 

    
 

   
    →                            < 1                                                    (6) 

Substitution of  0  in Eq. (3) provides all of the state probabilities:  

                           < 1                                            (7) 
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Performance measures:  

The expected number of customers in the system and the expected 

number of customers in the queue are found Little‟s formula 

         ∑               ∑     
 

   
 
   

 
   

 

        < 1                (8)                                           

              
 

   
 

      

   
 

  

   
                           

 
           <1           (9)     

The expected time in queue and time in system are not uniquely defined 

by     ; they also depend on the arrival rate. From Little‟s formula 

         
 

 

 

   
                                               < 1                                                 (10)               

         
 

 

  

   
                                           < 1                                                 (11) 

Optimum service rate µ 

Consider the single-channel model with arrival rate   and service rate    

presented in Infinite queue-infinite source, single-server model (M/M/ 

1):(GD/ /  ) 

 if     is the cost per unit increase in µ per unit time and     is the cost of 

waiting per unit waiting time per customer and       is the expected cost 

of waiting and service per unit time given µ. 

Thus  

                                  

                            
 

   
                                                                                         (12) 

 

Notice that cost of service per unit time is directly proportional to µ , and 

that cost of waiting per unit time is equal to the expected number of 

customers in the system, multiplied by the waiting cost per customer per 

unit time. 
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The minimum cost service rate can be found by finding the effect upon 

      of a small change in   and forcing this effect to approach zero. 

       
      

  
      [         ] 

                [         ]                 

        
   

      
    

        
 

      
  

  

   
 

                
   

  
 

              √
   

  
                                                                                                    (13) 

Thus optimum µ is given by           

           √
   

  
 .                                                                                                     (14) 
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Simulation study 

we simulated data from  the model (M/M/1) : ( GD/ / ) and obtained 

the steady state probabilities and hence the performance measures were 

calculated (See, table 1.1, figure1.1 )  

Table 1.1 State probabilities for model (M/M/1) : ( GD/ / ) with  =4 

and  =6.4 

n 
Probability, pn Cumulative, Pn n Probability, pn Cumulative, Pn 

4 4 27344 4 27344 26 4 44222 4 99770 

2 4 62020 4 24920 22 4 44402 4 99022 

6 4 20200 4 73302 20 4 44436 4 99922 

2 4 49233 4 00702 23 4 44422 4 99902 

0 4 43766 4 94022 22 4 44464 4 99922 

3 4 42372 4 90404 27 4 44422 4 99979 

2 4 46623 4 92673 20 4 44440 4 99907 

7 4 42297 4 97276 29 4 44443 4 99996 

0 4 44072 4 90303 64 4 44442 4 99993 

9 4 44302 4 99492 62 4 44446 4 99997 

24 4 44202 4 99026 66 4 44442 4 99990 

22 4 44622 4 99203    

 

The above step was done for different values of service rate μ and fixed 

arrival rate λ (See, table 1.2 and figures 1.2_1.6). 
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Table 1.2.The performance measures for model (M/M/1) : ( GD/   /  ) . 

     
  P0 Ls Lq Ws Wq 

0 44444 0 64444 4 40726 64 44444 29 40726 3 44444 0 72294 

0 44444 0 34444 4 22222 0 44444 7 22222 6 44444 2 77770 

0 44444 0 74444 4 20090 3 72069 0 02266 2 06037 2 62302 

0 44444 3 44444 4 64444 0 44444 2 64444 2 44444 4 04444 

0 44444 3 24444 4 60360 2 47296 6 26662 4 72962 4 30433 

0 44444 3 34444 4 67672 6 22227 2 92929 4 22227 4 00003 

0 44444 3 04444 4 22420 6 66666 2 32637 4 33332 4 20220 

0 44444 2 44444 4 22222 6 44444 2 22222 4 34444 4 22222 

0 44444 2 64444 4 23000 2 02020 2 27246 4 03033 4 69262 

0 44444 2 04444 4 27344 2 22227 2 40227 4 02227 4 62406 

0 44444 2 04444 4 02272 2 06037 4 00420 4 23720 4 62440 

0 44444 7 44444 4 06037 2 22222 4 72294 4 22222 4 29400 

0 44444 7 34444 4 02227 2 20602 4 24936 4 60372 4 23620 

0 44444 0 44444 4 34444 2 44444 4 34444 4 63444 4 26344 

0 44444 0 24444 4 32047 4 92462 4 00024 4 62632 4 22640 

0 44444 0 34444 4 36902 4 00009 4 02024 4 66666 4 24030 

0 44444 9 44444 4 33332 4 04444 4 23332 4 64444 4 40009 

0 44444 9 34444 4 37093 4 76767 4 24266 4 20206 4 47232 

0 44444 24 44444 4 24444 4 22227 4 62227 4 22227 4 42227 

0 44444 24 34444 4 22943 4 22320 4 62002 4 23203 4 43022 
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Figure 1.1: The probability of number customers in system.            Figure 1.2: The probability the servers not busy (no customers 

in system) 

. 

                     

 

Figure 1.3: Expected number of customers in system.                  Figure 1.4: Expected number of customers in queuing. 

 

                     

 

Figure 1.5: Expected waiting time in queuing.                                                 Figure 1.6: Expected waiting time in  system.     
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The values of performance measures (Ls, Lq) and μ obtained in the 

previous step were used to simulate data from the cost function and cost 

of the increase in service rate per unit time (Cs =5) and customer waiting 

cost per unit time (Cw =7) and obtained the optimal service rate of  μ = 

6.4, which occurred at the possible minimal cost (See, table 1.3,                    

figure 1.7) . 

Table 1.3.The simulation data from the cost function of (M/M/1): (GD/ /  ). 

μ Ls μ Cs Cw Ls TC(μ) 

4.20000 20.0000 21 140 161 

0 34444 0 44444 22.5 56 78.5 

0 74444 3 72069 23.5 40.00003 63.50003 

3 44444 0 44444 25 28 53 

3 24444 2 47296 26.5 21.53844 48.03844 

3 34444 6 22227 27.5 18.66669 46.16669 

3 04444 6 66666 29 15.55554 44.55554 

2 44444 6 44444 30 14 44 

2 64444 2 02020 31 12.72726 43.72726 

2 04444 2 22227 32 11.66669 43.66669 

2 04444 2 06037 34 9.99999 43.99999 

7 44444 2 22222 35 9.33331 44.33331 

7 34444 2 20602 37.5 8.00002 45.50002 

0 44444 2 44444 40 7 47 

0 24444 4 92462 41.5 6.51161 48.01161 

0 34444 4 00009 42.5 6.22223 48.72223 

9 44444 4 04444 45 5.6 50.6 
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Figure 1.7: A cost function for optimum service rate. 

 

Discussion and Conclusions 

 The simulated data from the model (M / M / 1) : ( GD/  ∞  /  ∞) , 

       Seems to suggest that the probability of n customers in the system 

decreases with the increase of number of people in the system  . 

       Moreover, our simulation results appear to indicate that the 

probability of non-existence of any customer in the system (no service) 

becomes slightly larger as the service rate increases. 

      It is also evident from our results that the expected number of people 

and waiting time in both the queue and system increase with the decrease 

of the service rate. 

      As far as the cost function is concerned our results show that the 

optimal service rate attains at minimal cost which is as anticipated 

consistent with mathematical relationship   

          

C
C

S

w


   

The significance the of above results is that when studying a real system 

it is possible to locate the optimal service rate for given arrival rate, 

service level cost (Cs), waiting cost for the service (Cw). 
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